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FWXVEGX SWYQS
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FWFMPQNFOU PG FQDJFOU NVMUJTDBMF NFUIPET BOE FYUSBQPMBUJ
NPMFDVMBS DIFNJTUSZ

*O UIJT XPSL XFBSFJOUFSFTUFE JO EFWFMPQJOH OFX NFUIPET GPS NPM|
DMBTTJDBM PS RVBOUVN NPMFDVMBS EZOBNJDT S5IFTF NFUIPET BSF EFWFN
FUDJFODZ PG UIFDPNQVUBUJPOTPSJOPSEFSUPJNQSPWF UIFEFTDSJQUJP
8F BSFJOUFSFTUFEJO EFTDSJCJOHJO B QFEBHPHJDBM XBAWRHUIPET PG BNM
VTIJOH &nXc[ET NFUIPEPG TVNNBUJPO GPS UIFDBMDVMBUJPO PG UIF FOFSFH
BMTP QSFTFOU B NPEJSDBUJPO PG UIFGBTU NVMUJQP®EFNBMINPEXPGHMHP
JUT VTF XJUI QPMBSJ[BCMF GPSDF SFMET EFTDSJCJOH UIF EFOTJUZ VQ UP
UIFNVMUJTDBMF NFUIPE hd Xdf\YX XIJDIBMMPXT UP EFTDSJCF FUDJFOUMZ
DPOUBJOJOH UFOT PG UIPVTBOET PG BUPNT 'JOBMMZ XF XJMM MPPL BU IP
FUDJFODZ PG RVBOUVN DPNQVUBUJPOT CZEFWFMPQJOH FYUSBQPMBUJPO N

,FZXPSRVBOUVN NFDIBOJDT NPMFDVMBS NFDIBOJDT DPOUJOVVN TPMWBU
SFME I1JHI QFSGPSNBODF DPNQVUJOH

2.0(?

%8WFMPQQFNFOU EF NSUIPEFT NVMUJSDIFMMFT FQDBDFT FUEF UFDIC
EFT NPE,MFT NVMUJQIZTJRVFT FO DIJNJF NPM8DVMBJSF

%BOTDFUSBWBJM OPVT OPVTJOUSSFTTPOT ZESWFMPQQFS EF OPVWFMMF
FOQBSUJDVMJFS QPVS MB EZOBNJRVF NPM§DVMBJSF DMBTTJRVF PV RVBO
TPJUEBOT MFCVUEEBVHNFOUFS MEFUDBDJUS EFT DBMDVMT PV EBOT MF CV
DIJNJRVFTDPOTJESSS8T /PVTOPVTJOUSSFTTFSPOTZES§DSJSFEFGB¥PO QSEB
BMHPSJUINERWPHOYUIMITBOU MB TPNNBUJPO EE&NnXc[ QPVS MF DBMDVM E
NPME§DVMBJSF DIJNJRVF DMBTTJRVF %BOT DF N"NF DPOUFYUF OPVT QSS§
NSUIPEF NVMUJQPMBJSF SBQJEF EF DRENQMR¥FIWFBUMBREITURAOMIVAMEOBUJIPO
DIBNQT EF GPSDF QPMBSJTBCMFT E§DSJWBOU MBEFOTJU8 KVTRVEBY RVBE
NSUIPEF NVMUJSDIFMMF hd Xdf\YX RVJQFSNFUEF E8SDSJSFEF NBOJ|SF FU
DIJNJRVFTDPOUFOBOU QMVTJFVST EJ[BJOFTEF NIJMMJFST EEBUPNFT &0SO
MBEFTDSJQUJPOFUMEFUDBDJUS EF DBMDVMT RVBOUJRVFT FO EEWFMPQQ

.PUT DM&IDBOJRVF RVBOUJRVF N§DBOJRVF DMBTTJRVF TPMWBUBUJPO J}
DIBNQT EF GPSDF DBMDVM IBVUF QFSGPSNBODF
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V 4DIFNBUJD UXP EJNFOTJPOBM MBUUJDF XJUI B QSIJNJUJWF VO
"W 3BOHFTFQBSBUJPOJO %

" X 3BOHFTFQBSBUJPOJO %

Y %JIJRFSFOUNFUIPET PG TVNNBUJPO

7 Z &YUSBQPMBUJPO PG UIFNFTITI[F

[ 4ADIFNBUJDT GPS UIFJOUFSQPMBUJPO JOUXP EJNFOTJPOT PO C
7\ *OUFSQPMBUJPO TDIFNF GPS QBSUJDMF NFTI &nXc]|

7] #BNEMCFEEFE JO B NFEJVN XJUI EJFFDUSJID QFSNJUUJWJIUZ

"V 8PSLTPX GPS UIFhd dd NPMFDVMBS EZOBNJDT

V #PY MFOHUI

W 5JNJOHT GPS QPMBSJTBCMF NPMFDVMBS EZOBNJDT PO EJRFS
X 4USPOH TDBMBCJMJUZ

Y 8FBL TDBMBCJMJUZ

Z [_]i XJUIPVU QPMBSJTBUJPO

[ [_]i XJUI Xdf\YX

\ &0FSHZ DPOTFSWBUJPO GPS UIFESPOQB QSPUFJO

] 4PMWBUFE [_]i XJUI QPMBSJTBUJPO

A &OFSHZESJGU PG UIFESPOQB QSPUFJO XJUI QPMBSJTBCMF DI
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m V 4DIFNBUJD JMMVTUSBUJPO PG B NBOJGPME
m W -JOLCFUXFFO UIP XBHNPB®ERW PCKFDUT PG UIF (SBTTNBOOJ
m- X 1BSBNFUFSTQBDF BMPOH UXP OPSNBM NPEFT GPS UIF GPSNBN
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$IFNJTUSZJT UIF TDJFODF PG NBUUFS BOE PG JUT FMFNFOUT *U
GSPN QIZTJDT XJUIJUT MBXT UIBU HPWFSO UIF XPSME BT XF FYQF
MIWJOH PSHBOJTNT $IFNJTUSZJT FWFSZXIFSFJO FWFSZEBZ MJGF
PG ESVHT TVDI BT UIF BDFUZMTBMJDZMJD BDJE "UIF BTQJSJO PS
XBTUFXBUFS JOTFXBHF USFBUNFOU QMBOUT UP OBNF B GFX #Z N
NBUUFS JOUFSBDU XJUI POF BOPUIFS XFBSFBCMF UP VOEFSTUBC
BOEQPTTJCMZ BDB POAOBTFTUA4F BO FWFS HSPXJOH DBUBMPH PG D
J)PXFWFS TZOUIFTJTJOH BOE FWBMVBUJOH QIZTJDBM QSPQFSUJ
SIPVTBOET PG NPMFDVMFT NBZ IBWF UP CFDSFBUFEUP CFBCMF UP S
JFODFUIF DPNNPO UISFBE MJOLJOHUIFEJUDVMUJFT XF XBOU UPUBD
PGQPTTIJCIMIJUJFT PG DPNQPVOET UIBU XFDBOTZOUIFTJTF GPS B H.
FYJTUJOH NFUIPEUPIFMQBOETFMFDU B TNBMM TVCTFU UIBU TFFN"
'PSJOTUBODF JOURPIX@XEIMM CF NPTUMZ JOUFSFTUFE JOIBWJOH B !
PG FYJTUJOH NFUIPET SFTQFDUJWFMZ BCPVU QBSUJDMFfNFTI NF|
NFDIBOJDTEFTDSJQUJPOTBOE UIFGBTUNVMUJQPMF NFUIPE BOE
UBDLMF DPNQMFY NPMFDVMBS TIBNO/BMBRJXBPRM MO RBL BQUFESZIT UP EFW!
UuPPMTUIBUDPVME CFVTFEUP SFQMBDF DVSSFOUBQQSPBDIFT *
CFIBWJPVS PG GBNIJMIJFT PG PQFSBUPST XIJMFJO UIF TFDPOE CZ
NBUSJDFT UP QSFEJDU JUT WBMVFT
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.BUIFNBUJDTJT VCJRVJUPVT JODIFNJTUSZ GSPNEJRFSFOUJBM FR\
UPDPNCJOBUPSJDTUIBUJT VTFE GPS NPEFMMJOH DSZTUBMT $IFNJ
UP NPEFM FWPMVUJPO PG DIFNJDBM TZTUFNT )PXFWFS UIF SFME P
VODIBSUFE UFSSJUPSZ GPSBQQMJFE NBUIFNBUJDJBOT
"TMPOHBTUIF BWBIJMBCMF DPNNBJWNUOCAN@BIABIB®MT XJUI UIFJS C|
BQQSPBDI XFSF NPSFJODMJOFE UP MPPLBUUIFPSFUJDBM QIZTJD
UIFFYQSFTTJPOT PG QIZTJDBM MBXT TIPXJOH UIBU FRVBUJPOT XFS
SOEJOHBOBMZUJDBM TPMVUJPOT 5I1JTJT B XBZ UP NBLF UIFPSJF
GPVOE UP NBLFUIFNNPSFDPOTJTUFOU

0O UIF PUIFS IBOE DIFNJTUT XJUI UIFJS UPQ EPXO BQQSPBDI
TINQMISDBUJPOT TPNFUJNFT VTIJOH JMM QPTFE QSPCMFENT PS P
TP UIFBMUFSOBUJWF XPVME IBWF CFFO OPU IBWJOH VTBCMF SFT
FYQFDUFEQIZTIJDBM SFTVMUT BMTP BMMP XFE UBFNSUIPPEF & FIMPPSPQY' I F
BQQSPBDIFT *U XBTVTFGVM GPS EFWFMPQJOH JOUVJUJPO XIFO VT
UIFZ MPPLFEBUTFFNFEUPPDPOTUSBJOFE BOE UPP NVDI UJOLFSJC(
JPXFWFS TJODF UIF TBOEUIFEFNPDSBUJTBUJPO PG TVQFSD
BCMFUPDPNQMFYJGZ TINVMBUJPOTBOE VTF UIF TBNFNJY PG JOUV
CIHHFS BQQMJDBUJPOT "OE UIF SFTVMUT BSFJIJNQSFTTJWF JO R
(BVTTJBOCBTJT GVODUJPOTUIBUNBZFYIJCJU MIOFBS EFQFOEFOD.
XJUI SFNBSLBCMF BDDVSBDZ QIZTJDBM QSPQFSUJFT PG NPMFDVMB S
DBO TINVMBUF WISVTFT PG NJMMJPOT PG BUPNT UP CF BBESF UP SOF
-FW 8BS &M >

5|FTF SFTVMUT BSFUPPJIJNQSFTTIJWFUP CFJHOPSFE )PXFWFS UI
UIFDIPIJDF PGBMHPSJUINTVTFEUP TPMWF TPNF QSPCMFENT JOUIF F
JOSFNPWJOH UJOLFSJOH GPS UIF DIPIDFPG CBTJT GVODUJPOT G



"W %SVHEFTIJIHO BT B QSBDUJDBM E

BQQSPBDIUPSYTPNF QBSBNFUFSTJO NPMFDVMBS NFDIBOJDT JO QS
FUD
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B8F NBLFTFOTFPGUIF XBZOBUVSBM QIFOPNFOBPDDVSTUISPVHITDJFO
UIFJOUFSBDUJPOTBSFCFTUFYQMBJOFE UISPVH[ RMBOBYNJIJDAVIMBS J
CZUIF4Z_iK[ ' eM\i FRVBUJPO PSJUTBQQSPYJNBUJPO XJUI )Xiki\\f'fZb
PSEFOTJUZ GVODUJPOBMMWIFPSZWNBUMBEBMFE JUJIJT QPTTIJCMF UP EFT
X1 JDI FOBCMFT UIF NFUIPEUP HIWF QSFEJDUJWF SFTVMUT PO QBS XJU|
FYUSFNFMZ QSFDJTF BOE TFMG DPOUBJOFE "~ XJUIPVU UIF OFFE PG |
DPNQVUBUJPOBMMZ QSPIJCJUIJWF UP VTF BT UIF TJ[FPGUIFTZTUFN J
"OPUIFS UIFPSZ MFTT QSFDJTF BOEMFTT DPNQVUBUJPOBMMZ JOU
NPUJPO XJUI NPMFDVMBS NFDIBOJDUIJTFFDIFDR JIPMFDUSPOT DBOOPU
FYQMJbJuUuMZ BOEBSF SFQMBDFE CZB OPUJPO PG DIFNJDBM CPOET
"uBTUIJMM MBSHFS TDbBMF XF DBO BWFSBHF QIZTJDBM QSPQFSUJI
MBXT UISPVHI B DPOUJOVVN XJUIUIFVTF PG DPOUJOVVN NFDIBOJDT
$IPPTJOHBNPOHUIFTF TDBMFT PS QPTTJCMZ B DPNCJOBUJPO PG |
EFTDSJCF NPMFDVMBS JOUFSBDUJPOT EFQFOET PO UIF PCKFDUJWFT F
CFBNBUUFS PG QFSTPOBM DIPJDF *U EFQFOET PO B EFMJDBUF CB
BOEDPNQVUBUJPOBM DPTU 8FBSFJOUFSFTUFE XJUIUIF QSFTFOU X|
NPMFDVMBS EZOBNJDT TINVMBUJPOT

5P VOEFSTUBOE UIFEJRFSFOUJTTVFT XF XBOUUPUBDLMF JUJT VTEFC
DBO NBLF VTF PG UIF NFUIPE XFEFWFMPQFE JUJT X1Z XFEFTDSJCF .
UIFDBTF PG ESVHEFTJHO *O QBSUJDUWBBSOEBSFEQQ@RIIBQMFIJIP U
FYBNQMF XFEFWFMPQ JOUIF OFYUTFDUJPO BMUIPVHIUIFZ BSF BDU"
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B8IFODPOTJEFSJOHOFX MVCSJDBOU PIMT GPS NFDIBOJDT XF NBZ CF J(
GPS B SBOHF PG UFNQFSBUVSFT 8IFODPOTJEFSJOH TPBQT BOE TIB
XFUUJOH BEEJUJWFT UP JODSFBTF UIF QFOFUSBUJPBTRIFERB PGHBED U J W
ESVHEFTJHO XF NBZ XBOUUP DPNQBSFUIF MIJHBOE FUDJFODJFT P
WIJSVTE FO[ZNF GPS JOTUBODF UP SOE ESVHT BCMF UP JOIJCJU QS
JOGFDUJPVT
8IBUBMMUIFQSFWJPVTDBTFTIBWFJODPNNPOJTUIFOFFEUPFYUSBE
GSPN NPMFDVMBS TZTUFNT XIJDI XF NBZ XBOU UP EP XJUIDPNQVUFS
QSFWIJPVTMZ JOUIFDVSSFOUTFDUJPO XFXIJMMTIPXUSPQJTN UPXB
EFTDSJCJOH XPSLT OFFEFE GPS UIF MBUUFS FYBNQMF 8F BTTVNF UIB
UP QSPWJEF B MJTU PG DPNQPVOETUPCFUFTUFE 5IBUJO JUTFMG .
PG DIFNJDBM FOHJOFFSJOH S5IFZIBWFUPVTFUIFJSLOPXMFEHF PG L
DBUBMPH PG QPTTJCMF DPNQPVOET UIBU TIPVME SFBDU XJUIUIFJOU
#FGPSF UIF BEWBODFT PG DPNQVUJOH QPXFS UIFZ XPVME IBWF OF
QPVOET BOE IBWF MBCPSBUPSZ FYQFSJIJNFOUT UP FYJOSWB DWSWIF EF-
OOMZUIFODPVME UIFZCFBCMFUPEJTDBSEUIFPOFTUIBUTIPXUIFM
BOENBUFSJIJBM PG UIJT XBZDBOCFPWFSXIFMNJOH GPSDJOH TDJFOU
UIJOL NJHIU XPSL CVUTFFN MFTT JODMJOFEUP PSPOFT UIBUBSF UIF
TZOUIFTJT
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51 JTIBT CFHVO UP DIBOHF 8JUIFBTZBDDFTTUPBTUPVOEJOH DPI
BVUPNBUJTF UIF EJTDPWFSZ PG MJTUPGDPNQPVOET XPSUIZPG TZ
JTTPNFUIJNRTODBIWMRABEPET )PXFWFS XFBSF OPXIFSF OFBS CFJOHE
DPNQMFUF QSPDFEVSF GPS ESVHEFTJHO UIBU X®EWIRBEFRYFIGTF C
UIFPOFTJOTJEF B MIWJOH PSHBOJTN TVDIBT UIFIVNBO #VUUIJT
GBS GFUDIFEBTJU VTFE UP

Mé&Fé' 0 - * &$)"

"UBTVQSBNPMFDVMBS TDBMF DIFNJDBMTZTUFNTNBZCPOE XJUI FBI
TUSVDUVSFT 'PSFYBNQMF UIFIVNBOJNNVOPEFSDJFODZ WJSVT J°
JNNVOF TZTUFN OO UIF NPTUFYUFSOBMTIFMM PG UIFIVNBO JNNVOF
ulBUDBO BUUBDIUP IVNBO DFMMT UIF SSTU TUFRBXO>UIF QSPDFTT
*GUIFIVNBO JNNVOPEFSDJFODZ WJSVT IBTBUUBDIFEBIVNBO DI
JU UIFSFJTBTUBCMFIHFDOFrRORIBKARMGBBDF PG UIF ININBEBOMEMM B (
UIFTVSGBDF PG UIFWJSVT "QIBSNBDPMPHJTU XIFO EPJOH ESVH
QSPDFTTBHBJOTU UIFWJSVTCZ SOEJOHBEFRVBUF MJHBOET BHBJC
UIFSPMF PG MJHBOET XIFODPOTJEFSJOH UIF EPDLIOHUPIVNBO DF/|
UIFJOGFDUJPO UP QSPDFTT

0OBNBDSPTDPQJD MFWFM BMM PG UIJTJT BRVFTUJPO*RE HFPNF
SFDFQUPS UP BDUJWBUF S5IF TBNF XBZB EPPSDBO CF VOMPDLFE XJI
NBEF CZ 'jz'dT< 5IJTNFBOTIBWJOHUIFHFPNFUSZ PG CPUIUIF MJI
"UUIJT TDBMF UIF QSPCMFN PG ESVHEFTJHO DBPCUEEIBWKG BO WP UP
NPMFDVMFT

8F OPUF UIBUUIJTIJNQMJFT EFFQ VOEFSTUBOEJOH PG UIFJOGFDU
LOPX XIJDI BBBUIWFOWBMWFE JO UIJT QSPDFTT BOE UIF HFPNFUSZ J1
XIMM QSFTFOU UIFNTFMWFT UP FBDI PUIFS

-FUVT SFDBQJUVMBUF TPNF NBKPS TUFQT PG ESVHEFTJHO GPS B

*EFOUJGZ UIF QSPDFTTFTBOE JUT BDUJWF TJUFT JO XIJDI UIF L
$IPPTFBEFRVBUF MJHBOET UIBU NBZ CJOE XJUI SFDFQUPST PC

&WBMVBUF UIF MJHBOETE BUOJUJFT UP QJDL UIF POFT UIBU TI
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8IFO DPOTJHPBSIIIMBDPBSDI *NBFEANCF UIF NPTU EJUDVMU TUFQ PG B
TFFOJO UIF ZFBSTUIBUUPPLUIF RVFTUUP VOEFSTUBOE IPX UIF I\
XPSLFE #Z SSTUJTPMBUJOH UIFWJSVT UIFOTIPXJOH UIBU JU XBT S
EFSDJFODZ TZOESPNF BOE SOBMMZ IPXJUDBO JOGFDU IVNBO DF!
UIF SFTFBSDIUPPL QMBDF JO UIF T JUJTTUIJMM B EJUDVMU FO
DVSSFOU XPSMEXJEF FRPSU UP VOEFSTUBOE UIFDPSPOBWJSVT EJ
51 JTJT B EJUDXMWFE >BOENBOEBUPSZTUFQ CFDBVTFIBWJOHUIF
JOBNPMFDVMFJT PGUFO OPU FOPVHI 5IF OVNCFS PG EJRFSFOU HF
IFMMBTUIFOVNCFS PGBUPNTJODSFBTFT "OEGFSSFUJOH UISPVHI
DPNQVUFS UP FYUSBDU UIF NPTU QSPCBCMF DPNCJOBUJPOT TFENT |
SFMBUJWFMZ TNBMM DPNQPVOET PG B GFX UIPVTBOET BUPNT BOE N
PG UIFN 8F OPUF IPXFWFS UIBU TPNF NFUIPET VTJOH NBDIJOF MFBSC
TFFOJO UIF SFT\GMINT PaYRIUFPE CZ 4\e fi FRIOBM XIFSF UIF BVUIPST B
BCMF UP QSFEJDU XJUI SFNBSLBCMF BDDVSBDZ UIF UISFF EJNFOTJI



ANX .VMUJTDBMF QSPCMF|

4P GPS UIJT QBSU B MPU PG MBCPSBUPSZ FYQFSJNFOUT BOE JOQV
DIFNJTUTJT OFDFTTBSZ "OE OP NBUUFS IPX NVDIDPNQVUJOH QPXFS .
BSFTUJMM B MPOH XBZ UP CFJOH BCMF CSVUF GPSDF PVS XBZ PVU PC
UPBT GFX HFPNFUSJFT GPS UIF UBSHFU PSBU MFBTUUP TPNF PG JUT
QPJOU

OODF UIF HFPNFUSZ PG UIF UBSHFU JT BWBJMBCMF BOE BDUJWF TJ|
CFFO JEFOUJSFE XF IBWF UPTUBDXBIFUUFDBTF GPS UIF QSFWJPVT JU
NPTUMZ EPOF CZ IBOE 4DJFOUJTUT IBWF UP NPCJMJTF UIFJS LOPXMFE
TJUVBUJPOT UP UVOF TPNF BTQFDUT PG UIF MJHBOET UP BQQMZ UP U
UPPMT NBZ IFMQ UP BVHNFOU UIF TQBDF P®BPOSHVSBUJPOT UP CF U
*UFNTBOE SFRVJSFEFFQLOPXMFEHF PG DIFNJTUSZBOE JTIBSEMZ
5IBOLGVMMZ GPS UIF BVUIPS UIBUJU OPUUIFDBTF GPS *UFN

*G XF UIJOL PG DIFNJDBM JOUFSBDUJPOT BT SJHJE CPEJFT HFUUJ(
"jZ \i<JT> UIJT NFBOT XF3IBNWF UP 4FBSDI GPS UIF QPTTJCMF DPOG
PG UIF MJHBOET XJUI SFTQBDUBMWFEB BFOF@QWPKSZT UP UFTU  °° &W
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EP OPUDIBOHF XJUI SFTQFDU UP UIFHFPNFUSZ PG UIF NPMFDVMBS T
EJUDVMU UP BDDPVOU GPS TPNF QSPQFSUJFT TVDIBTIZESPHFO CPO|
DBOBEEBOPUJPO DBMMFE QPMBSJTBUJPO BU TFDPOE PSEFS XIPTF H
CFIBWJPVS PG RVBOUVN NFDIBOJDT EFOTJUZ 5IF GPSDF SFMET NBL
DPNNPOMZ SFGFSSFEBT TFDPOE HFOFSBUJPO PS QPMBSJTBCMF GPS|

OVS XPSL XJUI NPMFDVMBS NFDIBOJDTJT NPTUMZ DFOUSFE BSPVOI
SFMEBOEJUTJNQMFNFOUBUJPO<IPQWIH TPGUXBSF
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*ODMBTTIJDBM GPSDF SFMETJIJNQMFNFOUBUJPOT QJPOMBRBHEE XJUI T

#SP > UIFBUPNT PSTPNFUJNFT B GVODUJPOBM HSPVQ BSF SF
QPMFT S5IFNVMUJQPMFT BSFJOWBSJBOU EVSJOHB TINVMBUJPO BC
PG NPMFDVMBS PSCJUBMT JO RVBOUVN NFDIBOJDT 'PS FIYBNQMF C
NPMFDVMBS PSCJUBMT



$IBQUFS " (FOFSBM JOUSPEVDUJPO

*OUIFGPMMPXJOH XF XJMMDPOTJEFS BMM BUPNJD GPSDF SFMET
BSFUIFBUPNT 8F BMTP JOUSPEVDF UIF OPUJPO PG UPQPMPHIDBM
BTBHSBQI XIFSFBUPNTBSF MJOLFE CFUXFFO FBDI PUIFS UISPVHI
UPQPMPHJIJDBM EJTUBODF CFUXFFO UXP BUPNTJO B TBNF NPMFDVMF
CFUXFFO UIF UXP

*1 ') - (.
8F PGUFO SOEUISFFNBJOUZQFT PG JOUFSBDUJPOT GPS UIF DPWBN

“5XP CPEUSFUDFBO\H SFQSFTFOUFE CZ BO IBSNPOJD PTDJMMB
TFQBSBUFECZBDPWBMFOU CPOE *UJTVTFEUPEJTDSJNJOBU
WBMVF BUBO FRVJMJCSJVN 5IFZBSFVOEFS UIF GPSN
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XIFSAET‘ 3BSFUIFPTDIJMMBUPSI GREFBNFUWEBOD BOIEPG;UIF CPOE

“5ISFF CPEQEUBENT SFQSFTFOUFECZBO IBSNPOJD PTDIJMMBUP
UPQPMPHJDBM EJTUBODF PG UXP *UJODSFBTFTUIFDPTU GPS
VOEFS UIF GPSN
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“'PVS CEHIFESBNT CFUXFFO GPVS DPOTFDVUJWF BUPNT *U J(
CPOEUP SPUBUFBSPVOE UIF NJEEMF PG UIF CPOE CFUXFFO UIF
BSFVOEFS UIF GPSN
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BOEJUT DPNQVUBUJPOJT MPDBM BOE PG OP EJUDVMUZ BT JUT DPN
XJUIUIF OVNCFS PG QBSUJDMFT

.PSFPWFS UIF NPSFUFSNT XFBEE UIFCFUUFS XFDBO IPQF UP BD
4P TPNF GPSDF SFMET NBZBEE UISFF CPEZ 6i\pt#iX[c\p UFSNT PS G
UFSNT FUD )PXFWFS UIF NPSFUFSNT XFBEE UIF NPSF XPSLBT UP C
BOE UIF NPSF XF SJTLUP PWFSSU UIF NPEFM *O UIF Xdf\YX GPSDF S
JOUSBNPMFDVMBS UFSNT

)y 1 -(

5|lFOPO DPWBMFOUDPOUSJCVUJPOTPGUFOJODMVEFUXP CPEZ 7Xe |
BOEBSFCFUXFFOBMMBUPNT PG UIFTINVMBUJPO
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YouFsTrEs GFEMFD m [

#PUI PG UIFN EFDSFBTFJO JOUFOTJUZBT B QPXFS PG UIFJOWFSTF
PG BUPNTJOUIFTZTUFEN
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ERHIV EEPW +*/5)// 7Xe [\i 8XXcj QPUFOUJBM JODMVEFT B SFQVMT.
EFTDSJCFT UIF 1Xlc" SFQVMTJPO UXP BUPNTDBOOPUHFU UPPDMPTF
BMFTT QIZTJDBM BUUSBDUJWF UFSN UIBU IFMQT JO UIF BDDVSBDZ F
NBLFTJUOFHMJHICMF XIFOBUPNTBSFBUTPNFEJTUBODF BOE UIV’
51 JT NFBOT UIBU UIF DPNQVUBUJPOBM DPNQMFYJUZ UP DPNQVUF 7Xe [
MJOFBSMZ XJUIUIF OVNCFS PG BUPNT

5FZ BSF PGUFO SFGFSSBE UPIBERITRUGPP SAWFSTF QPXFS PG UIF SF
UFSN EQBEF JOWFSTF QPXFS PG UIFBUUSBDUJWF UFSN " XFMM LOPXO
UIF VWZt[ -\eeXi[t+fe\] QPUFOUJBM *O UIF DBTF PG Xdf\YX BEJTUBODF
VTFEBM2W*U JT PG UIF GPSN
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XIFSEA BSF SFBM QBSBNFUFST GPS UIF 7Xe [\i 8XXcj QPUFOUJBM

SYPSQF +*/ )B4F TFDPOE UFSN UIF FMFDUSPTUBUJD QPUFOUJBM
$flcfdYET MBX *U EFDSFBTFT TMPXMZ BT UIF JOWFSTF PG UIF EJTL
UP IBWFBDDVSBUF TINVMBUJPOT JUNBZCFJNQPSUBOUUPDPNQVUF
GPSN

s a . A m
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XIFS/E'!@SF SFBM QBSBNFUFST GPS UIF $flcfdY QPUFOUJBM
*OUIFDBTF XIFSFBMM UXP CPEZ PSEFS JOUFSBDUJPOT BSF DPOT
FMFDUSPTUBUJD QPUFOUJBM HSPXT RVBESBUJDBMMZ XJUIUIF OVNC
UP SOE BDDVSBUF BOE MFTT FYQFOTJWF XBZT UP EBRPOEMXIFPNQVUBU
MPPL BU IPX UP TQFFEVQ UIF DPNQVUBUJPO PG UIJT UFSN XIJDIJT
$IBQUFSFTDSJCF UIF NFUIPE PG DIPJDF GPS OVNCFS PG NPMFDVMBS
QFSJPEJD CPVOEBSZ DPOEJUEFOD SXIOMFEBENBSFQUUFE PGUFO BQQMJFE J(
DPNNVOJUZ GPS OPO QFSJPEJD CPVOEBSZDPOEJUJPOTDBTF CVU SE
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8JUI QPMBSJTBCMF GPSDF SFMET UIF EFTDSJQUJPO PG UIF BUPNT .
QPMBSJTBUJPO *UJTB XBZ UP UBLF JOUP BDDPVOU UIF GBDU UIBU
EFOTJUZ DIBOHFT XJUIUIF HFPNFUSZ

*O CJPMPHJDBM BQQMJDBUJPOT UIJT UFSN JT PG NBKPS JNQPSU'
QSPQPTFE

“UIFTVDUVBUJOH DBESMFNPEFMK WBMVFT PG UIF QPJOU DIBSHFT
EVSIJIOHUIF TINVMBUJPO

“UIF %il[\PTDIJIMMBUPSBXNRIEFFFENF 8 QPJOU DIBSHF JT JOUSPEVDFE OFBS
IBSNPOJD PTDIJMMBUPS

“UIFJOEVDFEEJQBRMBNREFSWQPIJOUEJQPMFTBSFBEEFEUP UIFJOWI
BUBUPNJD TJUFT

5|F Xdf\'YX GPSDF SFMEVTFTBO JOEVDFE EJQPMF NPEFM GPS QPMBS
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XI1FS&gp UIFFOFSHZBTTPDJBUFE UP UIF JOEVDFE EJQPMFT 5I1F Q
VTJOHBOJUFSBUJWF QSPDFEVSF )PXFWFS GPS NPTU PG XIBU XF
TINQMF BEEJUJPOBM DPOUSJCVUJPO UP UIFQFSNBOFOU QPJOU EJQ
CVU XJUlJU XFXJMMPOMZHIJWFBEFTDSIJQUJPOJOUIFGPMMPXJOH
GPSDF SFME PO XI1JDI XFPGUFO SFMZJO UIJT XPSL
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51F Xdf\YX&UXPO WWGPSDF SFME EJRFST GSPN NPTUDMBTTJDBM GPS
*UVTFT TUBUJD QPJOU NVMUJQPMFT VQ UP RVBESVQPMFT JO P
QSPQFSUJFT PGB NPMFDVMF BOEJUJT QPMBSJTBCMF JO UIFTFO
XJUI SFTQFDUUP UIFTUBUJD NVMUJQPMFT FRVJQQFE XJUI BO JC
NJOJIJNJTJOH B QPMBSJTBUJPO FOFSHZ GPS FBDI OFX BUPNJD DPOS
EJQPMFT BSF EFHSFFT PG GSFFEPN XIJDI BSF EFUFSNJOFE PO UIF
TZTUFN UIFQPMBSJTBUJPO FRVBUJPO BU FBDIUJNF TUFQ BOE BSF
NVMUJQPMFT

0OGDPVSTF JUTIBMM CF SFNJOEFE UIBU UIF GPSDF SFME TUJMM
7Xe [\i 8XXcj UFSNT CVUUIFFENQIBTJTJT TIFE PO UIF DPNQVUBUJP
MPOH SBOHF FMFDUSPTUBUJD JOUFSBDUJPO *OEFFE UIF RVJDL
NFBOT UIBU XFDBOVTFBTIJNQMF DVUPR NFUIPEUP UBLF UIFN JOUI
GPSUIFFMFDUSPTUBUJD JOUFSBDUJPO

.PTUGPSDF SFME TENBBN\GFPAIHB PISFIORAEJGZ UIF JOUFSBDUJPOT CFU
BUPNT )PXFWFS UIFEJTUJODUJPO CFUXFFO UIFUXP NBZ OPU CF B
XIMM EJTUJOHVITICFUXFFO TDSFFOJOH BOE EBNQJOH JO UIF GPM
UFSNTUIBUBSFDPSSFDUFE EVF UP BUPQPMPHJIDBM EJTUBODF " |
PO UIFCPOET CFUXFFO BUPNT XIFSFBT EBNQJOH XJMM BQQMZ UF
UIFQIZTJDBM EJTUBODF CFUXFFO BUPNT 4DSFFOJOH BOE EBNQJOI
TDBMJOH UFSN

5|F Xdf\'YX FOFSHZ GVODUJPOBMJTBTVNPGBMMUIPTF UFSN
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8F SSTUJOUSPEVDFUIFTUBUJD PS QFSNBOFOU QBSUPGUIFFMFDU
S5IFQPMBSJTBCIMJUZJT EJTDVTTFEJO UIFVQDPNJOH TFDUJPO

-FE#W"EFB TZTUFN DPNG@RPNT B® QBRHIYJIROT&BDI QRIJIDBTTPDJBUFE
UPBTUBUJD QPJOU NVMUJQPMF PQFSBUPS
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XIFSETUIF QPJOU XJTFJISPEFDUPS PG EERFDIICOOH Y IFPQFRIOU
BO®JT UIF NBUSRIYEF® QBSUJBM EFSIJWBUJWFT XJUI?S/PTUFFDIB UP B L
GPS UIF PQF#%BSPBQFDY%IJWFMZ/JWBMFO U_WOPUIBFUIPOBBOE BDUT P
WBSJBSHFQFDKWJIWFMZ

YEODF GP$SBOBIF EFOTJUZBTTPDJBUFE URUTF QPJOU NVMUJQPM

'wH 2j.. Hy H3 m VW

XIFSEITUIF % iXZ GVODUJPO 5I1JT SFQSFTFOUT B HFOFSBMJTBUJP
DPNQPTFE PO QPJOL BDBRISHFTHXIBDOTBSF HIWEO K€FZH
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"TIJTIJUUIFDBTF GPS NPTU GPSDF SFMET TDBMJOH GBDUPST BSF VT
QBSUJDVMBS UIFJOUFSBDUJPO CFUXFFODMPTFE BUPNJD TJUFT *O U
UP TDSHOB@WPNT JOUFSBDDJPOT XHAIOUFSBDUJPO CFUXFFO BUPNJD °
DBOCF SFBDIFECZMFTTUIBO TJY CPOET )FODF UIFFOFSHZ PG UIF
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'PSBOJOUSPEVDUPSZ MFDUVSF UP QPMBSJTBUJPO XF $H@BS UP 1?i\q
BOE , kk\é¢&»Z'PS B NPSFEFUBJMFE TVQQPSU UK CBRBTGBMNRRkkZ _\
EJTDVTTIJPOBCPVUNVMUJQPMFT

"TBOUJDIJQBUFE FBSMJFS UIFFMFDUSPTUBUJD EFTDSJQUJPO PG
JOEVDFE EJQPMFT VTJOH UIF'$g\g@\h31 FKINPEEFHWL<EVF UP QPMBSJTBUJP
EFDSFBTEVHVDBO IBWF B NBKPS JNQBDU PO NPMFDVMBS TZTUFNT JO |
NPEFM XIFSFIZESPHFO CPOET IBWF B MBSHF JNQBDU *OEFFE NPMF
B QFSNBOFOUEJQPMBS NPNFOU QSPWPLFTEJTQMBDFNFOUT PG FMF
XI1JDIMFBET UP UIF FNFSHFODF PGB EJQPMBS NPNFOU JO UIFBMM TZTL
QPMBSJBBUUPRFDUJT IJNQPSUBOU XJUI QPVMEEVMFOBJCEU XBEWO TZTUF
XIJUIQFSNBOFOU EJQPMBS NPNFOUT
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5/F QPMBSJTBUaRAFOFERBOFE BT UIF NJOJNV NapGAR' 8 XODUJPOBN
SFTQFDUUP UIF JOEVDFE EJQPMFT
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XIJDIJTDBMMFE UIFQPMBSJTBUJPO FRVBUJPO .PSFPWFS XF OPU
OFHBUJWF UIJTJTCFDBVTFJOEVDUJPOJTBMXBZT GBWPSBCMF UP L

CFTPMWFE CZEJSFDUMBUSWF SIGBIDHITIFG TNBMM EJNFOTJPO )PXI
TPMWFE VTJOHBO JUFSBUJWF BMHPSJUIN UIBU TUPQT XIFO B SFTJE
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LSPI (+$)*U BQQFBST UIBU JO TPNF DBTFT BL{YMESUOBUJIPO F
CPVOEFE GSPN+CBMPXGIOF@QPEBESIFESUJPODEFFEUSR@ KRBUIFNBUJD|
MEWFM UIJTJTUSBOTMBUFE UP UIF GRDU OPBMPUOARP @BBITBW B EF SIG|
IBT BUMFBTU POF OFHBUJWF FIJHFOWBMVF 51JTUZQJDBMMZ BSJTFT X
UIFJEFBJTUP EBNQ DFSUBJO JOUFSBDUJPOT XIFOBUPNT BSF DMPT
VTFE BOE FNQJSJDBM TDIENF JTSUPEY *0\[EBBINTQJJWH £G JOUSPEVDJOH
EFQFOEFOU RVBOUJUZ

E K | FY@8KA m W]
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SFQMBDFE CZUIF EBNQFE QPMBSJTBUJPO NBUSJY
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- )$)""QBSUJDVMBSJUZ PG UIF Xdf\YX GPSDF SFMEJT UIBU JU VTF
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GBDU UIBU UIF TUBUJD FMFD1L$812KIDZBIEJI\XIPEUFEBSFGOFI’H:KIIJJ[S#’&&/QBSBNF
BT NFOUJPOFE JO #AB5DUJJMEGBET UP UXP EJRFSFOU TFUT PG NJOJNJTJ
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PQUINJTFE CZ 8Xe”" BOBHADLBFcSFGFS UIF SFBEFSR® BPEEGFUWOSSPSNBUJP
BCPVUUIJT

*

$PNQVUJOH UIF FOFSHZ PG UIFTZTUFNJT PG DPVSTF OPUUIFPOMZ I
DPNQVUJOH UIF GPSDF UIBU BDUT PO FBDI BUPNJD TJUF JT JOEJTQF
TINVMBUJPO

SIF GPSDFT?BUHBYC®GFE CZ
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JFODF GPS NPMFDVMBS EZOBNJDT XF OFFEUP DPNQVUF UIF NBUSJD
UJWFT PG UIF QPUFOUJBMT BT XFMM BT UIF QPUFOUJBM JUTFMG L
TFF &R VX
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5SP MINJUUIFOFFEUPSFQSFTFOUFWFSZTJOHMFTPMWFOUNPMFDVM
XJUI BDPOUJOVVNTPMWBUJPO NPEFM TVDI B/H®UXE IQ R MBSTITBEBMFE fj
IBWIJOHFYQMJDJU NPMFDVMFT UIFTPMWFOUJT NPEFMMFE BT BDPO
QFSNJUUIJWJUZ PG UIF TPMWFOU 5IF FMFDUSPTUBUJD TPMWFOUZITI
TPMWJOHBO JOUFHSBM FRVBUJPO PO BZRFjiPBINMKIFIIBMNEZITTB/ SGBEL
EJTDSFUJTBUJPO PG UIF Zfjdf NPEFM UIBU UBLFT BEWBOUBHF PG UI
NFUIPE UP FUDJFOUMZ DPNQVUF TPMVUJPO UP UIJT NPEFM

519 T NPEFM DBO CF DPVQMFE XJUI B RVBOUVN NFDIBOJDT NFUIPE P
JUT DPNQMFYJUZ HSPXT MJOFBSMZ XJUI UIF OVNCFS PG RVBOUVN
BUPNT .FUIPET XFEFWFMPQBEEERXRFRIBQUF$HIU UP BMMPX GPS UIF QI
DPVQMF UIFN XJUIUIJT DPOUJOVVN NFDIBOJDT NPEFM UP CF BCMF
PG TPMWFOU

8F XJMM POMZ HIWF B CSJFG PWFSWJFX PG UIF NFUIPE BT XF PO
UIVT DBOCF UIJOLBTBCMBDL CPY NFUIPEUIBUBMMPXT GPS NPSF

MeJ&0+'$)" 28/#1 -$ /$*) "+*" -§. ' I*- 1§

8F EFSOF B WBSJBUJPOBM QPMBSJTBCMF GPSDF SFME BT B GPSDF S¥
NJOJNVN PGBO FOFSHZ GVODUJPOBM EFQFOEJOH PO UIFJOEVDFE
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5|l F DPVQMJOHeZFWUKBPE@ B WBSJBUJPOBM QPMBSJTBCMF GPSDF SF
DBOCFEPOFCZ MPPLIOHGPS UIFNJOJQRWY PG UIFGVODUJPOBM <
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XIFS+ 1JTBO FNQJSJDBM RVBOUJUZ UIBU EFQFOET PO UIP BJFMFDU
JT BWFDUPS SFQSFTFOUJOH UIFTPMVUFET NPMyFDVUNTBSACAHBSHS E
SFQSFTFOUJOHUIFTPMWFOU QPMBSJTBUJPO 8FIBWF UIF OPUBUJ
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XIFSF UBL?I::BSF UIF TQIFSJDBM IBSNPOJDT FYQBOTJPO PO UIF DBW
NPNFOUVN

5lFF TPMVUIJPO PARRIWFOCZTPMWIOH UIF SSTU PSEFS PQUJNBM.
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%VE UP UIF GPSN PG UIF QPMBSJTBUJPO FOF SHX d3WODUIPGBM HJIW
WBSJBUJPOBM GPSDF SFME )PXFWFS JUJT QPTTJCMF UP XSJUF UIF GV
UFSNT& \»Z
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*O$IBQUPS VTFJOTJHIU GSPNUIJT NFUIPEUP CFBCMFUP DPVQMFE NF
UIF Xdf\YX GPSDF SFMEBOE RVBOUVN NFDIBOJDT XIJDIPQFO QBUIT GP
EZOBNJDT PO UISFFEJRFSFOUTDBMFT PG QIZTJDT

MEK $'$)"$)./-0 /$*).

51 JT XPSLJT CFJOH FYQPTFE JO UXP QBSU 5IF SSTU POFJT EJSFDU
BQQOQMIDBUJPOT XJUIEJRFSFOUQIZTIJDT TDBMFT RVBOUVN DMBTTJEL
PGUIFDPNQVUBUJPO 8F XJMM TFF IPX UP BDDPNNPEBUF GPS CJHHFS
POF DPNQVUFSPSPOBOFUXPSL PG UIFN

*O $IBQUFSEXFMM JOUP QPMBSJTBCMF DMBTTJDBM NPMFDVMBS EZOE
NFUIPE PG TVNNBUJPO GPS QFSJPEJD TZTUFNT

*O $IBQURE MPPLBU NVMUJTDBMF QIZTJDT TINVMBUJPO PG B NPMFD
NFDIBOJDT NPMFDVMBS NFDIBOJDT BOE QPTTJCMZ DPOUJOVVN TPMYV
*O $IBQUXKBSEMPPLBUB XBZUPJNQSPWFUIFFUDJFODZ JO UIFDPNQV
$PVMPNCJD QPUFOUJBM XIFO NVMUJQPMFT BSF VTFE
*OUIFTFDPOEQBSU XFUBLFTPNFEJTUBODFGSPNBQQMJDBUJPOT B
UIFPSFUJDBM DIFNJTUSZ CZ MPPLJOHBU FYUSBQPMBUJPO NFUIPET G
*O $IBQWHSFYQMPSF B XBZUP VTF SFEVDFE PSEFS NPEFMT UP RVJDLF
FOFSHZ

*O $IBQUXSMPPLBUEFOTJUZ NBUSIJDFT GSPNBEJRFSFOUJBM HFPNF!
UIFTFMG DPOTJTUFOU SFME NFUIPE JO RVBOUVN NFDIBOJDT



$IBQUFS» (FOFSBM JOUSPEVDUJPO

<"$'" > "ggc\hl'jk +PO $Xic +BNFT 3 BOE 'leZ" DPRL%YBOMF *OUFS
UJPO .PEFM GPS .PMFDVMBS 1PMBSJ[BCJMJUZ "QQMJDBU.
%FUFSNJOBUJPO PG "UPN*OPRN\BSO BM_RG UUBFNFSJIDBO $IFNJI

.BZ QQ t “ije DJU PO QQ

<"JO >""e 2VSSBUGBMFNIBOMF -FBSOJOH 4DPSJOH 'VODUJPOT UP -
#BTFE #JOEJOH "UOJUZ 1SFEJDUJP O*B8*3 & TSPINQW UBYRI PO E
.PMFDVMBS 4DJFODJQ t “jje DJU PO Q

<"NP >"dfm'cc’ $MBVEJPFEUBM "EWBODFT JO UIF %FTDSJQUJPO
XJUIUIF1PMBSJ[BCMF $P®U0 EWBODFEFOI2VBOUWRNYE $CZNITU S
-Kn['e 1FS OMPW 7PM "DBEFNJD 1SFTT +BO QQ

<#(4 > #\i\e[j\e ) + $ (i"M\iX + 3 BOE 4kiXXEj#XJIF5TUOH 5FSN JO
&RFDUJWF 1BJS 1GBUF @PVB@BM PG 11ZTJDBMBWNJTUSZ
QQ t “jje DJU PO Q

<#PF > #f\_d .BSLVYTJSUVBM 4DSFFOJOH PG $IFNJDBM 4QBDF 'SPI
$PMMFDUJPOT UP 5BJMP S F EXODISSHUCBIND 4 DSSEE B34 1 <] ]\ i
$I1SIJTUPQI .FUIPETBOE 1SJODJQMFT JO .FEJDJOBM $IFNJ

+P1O 8JMFZ 4POT -UE QQ t jYe DJU
<#°U > #KKkZ_\i $BSM +PIBOZSUFESIBG & MFDUSJD 1PMBSJ[BUJP
FMFDUSJDT JO 4UBEJBE '&MTEWJIFS +BO jYe
DJU PO Q
<#3% > #Xii? 4 efljj° 'SBO¥PJTF 3fjj "OOB -BVSB BOE %\c]iX jjp
71BTU 1SFTFOUBOE'VUVSF FBOBUYSFRFWIBSD.*DSPCJ
% F D QQ t ‘jje DJU PO Q

<#SP >#iffbj #FSOBSE 326U BM " 1SPHSBN GPS .BDSPNPMFDVME
JOJNJ[BUJPO BOE %ZOBNJIOFBBSIOBNM BGXPNQVUBUJPOBM

QQ s “jje 9 DJU POQ
<#VS > #lib\ ,JFSEOFSTQFDUJWF PO %FOTJUZ*®50P 4+PVSBDBMIFG
$IFNJDBM 11ZTJDQ@S Q jje DJU PO Q

<$# > $XeZ>] &SJID BOE #i'j 3MBVEF$POWFSHFODF PG 4$' "MHP
UIF )BSUSFF 'PDL &OLB"FIJP.BUIFNBUJDBM .PEFMMJOH BOE
"OBMZTJT +VMZ QQ t ‘ije 9 DJU POQ

<$#. > $XeZ>j &SJID #i'j $SMBVEF -F BD.EUXPHF TWPOI §NBUJRVFT
$IJNJF 2VBOUJRVF 60F *BUBFNBADIRMWFI-FU "QQMJIDBUJPOT
EFMCFSH 4QSJOHFS 7ESMBH “iYe DJU P

<$.4 > $XeZ>j &SJID .X[Xp :WPO BOE 4KXdRINEBORBNIONQPTIUIPO
QMJIDJU 4PMWB BBIE +PNVE\OBM PG $IFNJDBM 1IDTJIDT
DJU PO QQ

<&M > &c" [XY %JOBFWEMGBDJIBM 8BUFS .BOZ #PEZ &RFDUT %SJ\
JDTBOE "MMPTUFSJD *OUFSBDUJPOTJO 4"34 $P7 .BJO 1SPL
*O5|F +PVSOBM PG 11ZTJDBM $IFNYMEZSZ -FUUEST ¢
DJU PO Q


https://doi.org/10.1021/ja00764a010
https://doi.org/10.1021/ja00764a010
https://doi.org/10.1021/ja00764a010
https://onlinelibrary.wiley.com/doi/abs/10.1002/wcms.1225
https://onlinelibrary.wiley.com/doi/abs/10.1002/wcms.1225
https://www.sciencedirect.com/science/article/pii/S0065327608604165
https://www.sciencedirect.com/science/article/pii/S0065327608604165
https://doi.org/10.1021/j100308a038
https://doi.org/10.1021/j100308a038
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527633326.ch1
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527633326.ch1
https://dx.doi.org/10.1016/B978-0-444-41019-1.50001-8
https://dx.doi.org/10.1016/B978-0-444-41019-1.50001-8
https://www.nature.com/articles/nrmicro3132
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.540040211
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.540040211
https://aip.scitation.org/doi/full/10.1063/1.4704546
https://www.esaim-m2an.org/articles/m2an/abs/2000/04/m2an899/m2an899.html
https://www.esaim-m2an.org/articles/m2an/abs/2000/04/m2an899/m2an899.html
https://www.springer.com/gp/book/9783540309963
https://www.springer.com/gp/book/9783540309963
http://dx.doi.org/10.1063/1.4816767
http://dx.doi.org/10.1063/1.4816767
https://doi.org/10.1021/acs.jpclett.1c01460
https://doi.org/10.1021/acs.jpclett.1c01460
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"jZ_\i &NIMZOUIFTFO JO %FS ;VDILG#¥FISIDOQUFREEFS EFVUTDIF
DIFNJTDIFO(FTFMMTDIGQU ¥ “jje DJU PO QQ

)Xcrile 5IPNBIXISIF 3FQSFTFOUBUJPO PG WBO %FS 8BBMT WES

.PMFDVMBS .FDIBOJDT 'PSDF 'JFMET 1PUFOUJBM 'PSN $PNC

1BSBNFU¥O3P¥SOBM PG UIF "NFSJDBO $I1FNAJB@BWM 4PDJFUZ

QQ s “jie DJU PO Q

Y\cAXb\i 5SZHWF +ti*\ej\e 1PVM BOE.Co\\eD¥FI@GRMFDUSPC

AUSVDUVSF 5PA@S8&Zc\p 4POT "VH ‘jYe DJU

PO QQ

)yf_\eY\i* 1 BOE ,f_&*@IPNPHFOFPVT &M IZITRAD BMT3FW JF X
#IPW #  t# “jje 9 DJU POQ

,Xigclj .BSUMOFWFMPQNFOU PG .VMUJTDBMF .PEFMT GPS $PN
UFNT 'SPN) ) UP #JPNPMFDVMFT*OPOHFXBOEVESIFNJIF *O
UFSOBUJPOBM &EJUJOQ + ‘jje DJU PO QQ

,"kk\c $IBSMFT Z*OUSPEVDUJPO UP 4PMJE 4UBUF 11ZTJDTs L

"V H jYe DJU PO Q

f e 8 BOE 4_Xd Z4FMG $POTJTUFOU &RVBUJPOT *ODMVE J(
$PSSFMBUJP®@RETIDBM 3FW"J W n g

DJU PO Q

,cXdk " BOE 4Z I1idX2804.0 "/EFX"QQSPBDIUP %JFMFDUSJD 4D
JO4PMWFOUT XJUI &YQMJIDJU &YQSFTTJPOT GPS UIF 4DSFF(
*O+PVSOBM PG UIF $IFNJDBM 4PDJFUZ 1FSIQO 53BOTBDUJP:
DJU PO QQ

-\\idXb\ij 'SBOT" . EGBM)JOH "VUPQIPCJD 8FUUJOH PO #JPN
GBDFT JOUP $PNQMFUF 8FUUJOH*OZPSEW UBOWIF'SBZIUJWET
QQ 1 “ije DJU PO Q

-\m kk .JDIB#MUI BOE 'VUVSF PG .VMUJTDBMF .PEFMJOH GPS .
UFNT /PCFM -FDQIOHFXBOEUF $IFNJF *OUFSOBUJPOBM &EJUJI

QQ ¥ “jje DJU PO QQ
-\Y &MMIPAADTJUZ 'VODUJPOBMT G PO8® W FSPOIBUAIPTOBM FPV S C
PG 2VBOUVN $IFNJTUSZDQQ ¥ “jje 9 DJU PO Q

“ggXite' 'IMIQDPPEBBMBCMF .PMFDVMBS %ZOBNJDT JO B !
UJOVVN 4P M@Q*PYSOBM PG $IFNJDBM 5IFPSZ BFES$SPNQVUBUJ
QQ t ‘jje DJU PO QQ
-Xdfli\lo (VJMMBVNF BOE 3fioPEFO®RBOM *OEVDFE 1PMBSJ[BUJ
$MBTTJDBM %SVEF OTDJMMBUPST 5IFPSZBOE.PMFDVMBS %ZC
*O5|F +PVSOBM PG $IFNJDBWMZTJIJDT QQ t “ije
DJU PO Q

.Xio %PNJOJL BOE )IkkXi'G+*SBUJP .PMFDVMBS %ZOBNJDT #B
BOE "EWBODFE .8BNGS}EHF $BNCSJEHF 60JWFSTJUZ 1SFT
DJU PO QQ


https://chemistry-europe.onlinelibrary.wiley.com/doi/abs/10.1002/cber.189402703109
https://pubs.acs.org/doi/abs/10.1021/ja00046a032
https://pubs.acs.org/doi/abs/10.1021/ja00046a032
https://pubs.acs.org/doi/abs/10.1021/ja00046a032
https://dx.doi.org/10.1002/9781119019572
https://dx.doi.org/10.1002/9781119019572
https://link.aps.org/doi/10.1103/PhysRev.136.B864
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403924
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403924
https://link.aps.org/doi/10.1103/PhysRev.140.A1133
https://link.aps.org/doi/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1039/P29930000799
http://dx.doi.org/10.1039/P29930000799
https://pubs.rsc.org/en/content/articlelanding/2020/sm/d0sm00129e
https://pubs.rsc.org/en/content/articlelanding/2020/sm/d0sm00129e
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403691
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403691
https://onlinelibrary.wiley.com/doi/abs/10.1002/qua.560240302
https://doi.org/10.1021/ct500998q
https://doi.org/10.1021/ct500998q
https://aip.scitation.org/doi/10.1063/1.1589749
https://aip.scitation.org/doi/10.1063/1.1589749
https://www.cambridge.org/core/books/ab-initio-molecular-dynamics/BB49DE216EB17550E1FA02131C662DEB
https://www.cambridge.org/core/books/ab-initio-molecular-dynamics/BB49DE216EB17550E1FA02131C662DEB
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</- > /pdXe[ 5IPNBT. BOE - "&&XERASE 4VNNBUJPOBOE 3FBDUJPO 'JI
GPS1IPUFOUJBMT XJUI "UPNJD $IBSHFT 9%*)X5 PRVHPIV SOBM P @ E

$IFNJDBM 11ZTJDBS QQ t “ije DJU PO
Q

<1$ > 1fe[\i +BZ 8 BOE $Xj\ WBWIEF 'JFMET GPS 1SPUEQO 4JNV
1SPUFJO 4JN¥EBAZBHETA\kk 7BMFSJF 7PM "EWBODFTJO 1
"DBEFNJD 1SFTT QQ t DJU POQQ

<1$' > 1?i\q +PT8 11JMJQQF $Xic\j 3PCFSU BOE 'c\Zb'e”\i 3PC
O8UJTNF 'POEFNFOUT FU "QQMJDBUJPOTs Ul FE %VOPE
DJU PO QQ

<1PO >1fe[\i +BZ 8 FOBMSFOU 4UBUVT PG UIF Xdf\YX 1PMBSJI[BCI
+PVSOBM PG 11ZTJDBM $IFNJDWSZ # t DJU PO QQ

<3( > 3Xgg\ "OUIPOZ, BOE (f[[Xi[] 83MMBIBN&RVIMICSBUJIPO GPS
%ZOBNJIDT 4JNVOBIEHPVSOBM PG 11ZTIJDBMEIFNJITUSZ
QQ 1 ‘jje DJU PO Q

<3PH > 3fr"eXe %JIJEIFSDLIOH .FUIPET GPS 7JSUVBM 4DSFFOJOH 1
"EWBODHOrdSUVBM 4 DS FOZAOMI " ]]\i $1ISIJTUPQI .FUIPET BOE
QMFTJO .FEJDJOBM $IFNJTUSZ 8FJOIFJN (FSNBOZ +PIO ¢

QQ s ‘jYe DJU PO Q
<3PP > 3ffk_XXe $ ¥/FX WFWFMPQNFOUT JO .PMF D VOBEWIFXIU B M
PG .PEFSO 11Z2TI®YS QQ t DJU POQ
<34 > 3\\[ .JDIBFM BOE 4 dfe #BSSZ Z* 'VODUJPOBM "OBMZTJT. "
QQ ‘jYe DJU PO Q
<4FO >4\e'fi "OESFX 8 FUNBMPWFE 1SPUFJO 4USVDUVSF 1SFEJDU
GSPN %FFQ -FBEQBUWSF +BO QQ t Yjje
DJU PO Q

<4) > 4Xle[\ij 7 3 BOE ) cc \P"*Z)FWFM$41JGUJOH+ .FUIPE GPS §
$SMPTFE 4IFMM )BSUSFF#'PD I* GOWF SOCBUJPFOBM +PVSOBM P
$IFNJTUSZ QQ t “ije 9 DJU POQ

<402z >4ep[\i BWJIE "ZEBBMBSITPOT PG /.3 4QFDUSBM 2VBMJUZ BO
UBMMJ[BUJPO %FNPOTUSBUF 5IBU /.3 BOE 9 SBZ $SZTUBMM
FUIPET GPS 4NBMM 1SPUFJO 4USYOHPWSOB MLPG U UFD'ENFISJ

$IEFNJDBM 4PDJFWPIV QQ t jje DJU
PO Q

<5|P > 5 fc\ # B.PMFDVMBS 1PMBSJ[BCJMJUJFT $BMDVMBUFE XJ
BDUJPORIFNIJDBM 11ZT'I\DH QQ t jje
DJU PO Q

<5PV >5flbdXa' "CEVMORPWSBUMBM 1BSUJDMF .FTI &XBME #BTFE "Q
BOE *OEVDFE %JQPMB 3051 B +PYVSOBMPE $IFNIJDBM 11ZTJ
% F D QQ t “ije DJU PO Q

<51 > 5fdXj’ +BDPQP BOE 1\ij ZfZ.BMBDMWRBS *OUFSBDUJPOT JO
OWFSWJFX PG .FUIPET #BTFE PO $POUJOVPVT %BTENJCVUJF
JDBM 3FWJFPW QQ t ‘jje DJU PO QQ


https://aip.scitation.org/doi/10.1063/1.481216
https://aip.scitation.org/doi/10.1063/1.481216
https://dx.doi.org/10.1016/S0065-3233(03)66002-X
https://dx.doi.org/10.1021/jp910674d
https://doi.org/10.1021/j100161a070
https://doi.org/10.1021/j100161a070
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527633326.ch6
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527633326.ch6
https://link.aps.org/doi/10.1103/RevModPhys.23.69
https://www.nature.com/articles/s41586-019-1923-7
https://www.nature.com/articles/s41586-019-1923-7
https://onlinelibrary.wiley.com/doi/abs/10.1002/qua.560070407
https://onlinelibrary.wiley.com/doi/abs/10.1002/qua.560070407
https://pubs.acs.org/doi/10.1021/ja053564h
https://pubs.acs.org/doi/10.1021/ja053564h
https://pubs.acs.org/doi/10.1021/ja053564h
https://www.sciencedirect.com/science/article/pii/0301010481851762
https://www.sciencedirect.com/science/article/pii/0301010481851762
https://aip.scitation.org/doi/10.1063/1.1324708
https://aip.scitation.org/doi/10.1063/1.1324708
https://pubs.acs.org/doi/abs/10.1021/cr00031a013
https://pubs.acs.org/doi/abs/10.1021/cr00031a013
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8Xij \c "SJEIVMUJTDBMF .PEFMJOH PG #JPMPHJDBM 'VODUJP
PMEFDVMBS .BDIJOFT /PECFOHFXBOEDF $IFNJF *OUFSOBUJPOB
QQ 1 ‘jje DJU PO QQ
8\'e\i 1BVM, BOE ,fccdXeZ1lRFWBS™TTIJTUFE .PEFM #VJMEJOH
&OFSHZ 3FSOFNFOU " (FOFSBM 1SPHSBN GPS .PEFMJOH .PM
BDUJPXOFPVSOBM PG $PNQVUBUJPOBMG@IFNJTEUSZ jje
9 DJU POQ

8Xe” 8FJ BOE 4b\\c 3P®HSILW BMVBUJIJPO PG 1P@BBBJ[BCMF 'P
+PVSOBM PG $IFNJDBMODIETJIDT Q ‘jje
DJU PO Q

\\ "EFMJOEB "ZFU BME 9 SBZ $SZTUBMMPHSBQIZ $PNQMFN
JO 4USVDUVSBM 1SPUFPNJD*OPRVSIOBWMVP GSPIFFNFSJDBO $1FI
4PDJFUZ IPW QQ t ‘jje DJU PO Q

‘\ie\i .JDIBFM $ BOE )\ \eY\i*\i ZIDABEBNJIDBM %BNQJOH 4DIFI
GPS$POWFSHJOH .PMFDVMBG IONDBWOLY EMRIDIP®FUF S T
QQ 1 “jje DJU PO Q


https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403689
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403689
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.540020311
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.540020311
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.540020311
https://aip.scitation.org/doi/10.1063/1.2056544
https://pubs.acs.org/doi/10.1021/ja053565%2B
https://pubs.acs.org/doi/10.1021/ja053565%2B
https://www.sciencedirect.com/science/article/pii/0009261479807617
https://www.sciencedirect.com/science/article/pii/0009261479807617
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"X 1SPCMENTUBUFNFOU
Y %FSIJWBUJPO PG &nXc[ET TVNNBUJPO NFUIPE
YV &MFDUSPTUBUJD SFME
YW &MFDUSPTUBUJD QPUFOUJBM FOFSHZ
Y X 1FSJPEJD QBSUJDMF EJTUSJCVUJPO
Y'Y &nXc[ET TVNNBUJPO
" Z &UDJFOU FWBMVBUJPO PG SFDJQSPDBM TVN
" ZV 1BSUJDMF QBSUJDMFfQBSUJDMF NFTI
T Z W *OUFSQPMBUJPO PG UIF FOFSHZ
" Z X 4QMJUUJOH PG UIF EFOTJUZ
7 ZY -JOLCFUXFFO QBSUJDMFENFTINFUIPET
[ (FOFSBMJTBUJPOT GPS Xdf\YX
[V 4VSGBDF UFSN
[ W .VMUJQPMFT
"\ 3FGFSFODFT



$IBQUFS " 1PMBSJTBCMF DMBTTJDBM NPMFDVMBS EZOBNJDT

1 -1% 2
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ETMfgledg “dg’

$.%iNk_"XZ \e 60IJWFSTJUZ "XZ_\e UISFFEBZT "QS XJUI #F

+ -,

“<BH > -XAXi[>i\ -PVIJTZBDOBMBCMF &WBMVBUJPO PG 1PMBS]J
BOE"TTPDJBUFE 'PSDFTJO 1PMBSJ[BCMF .PMFDVMBS %Z0OB
1BSBMMFM $PNQVUBUJPOT 6TJOH 4NPPO+REBSOBMMAG.FTI
$IFNJDBM5IFPSZ BOE $PNNQMOFBUJPO QQ T “jje

“4BS > /Xik_ $ISITUPQIRFBMBBLCMF *NQSPWFNFOU PG 41.
QPMBS &MFDUSPTUBUJDT JO "OJTPUSPQJD 1PMBSJ[BCMF
(FOFSBM 41PSU 3BOHF 1IFOFUSBUJPO $P S SGHPWEIBWIQ UP 2
PG $PNQVUBUJPOBM $IFNJJQSZ ¢ “jje 9

L S

“LPVJIT -XAXi[>i\“ :WPO .X[Xp “$ISJTUPQIF /Xik_*“+FBO 11JMJQ
“#FOKBNJO 4kXdd

MMEE -* ' (./ 1 ()

"T XFIBWF CSJFTZ TFFOWIG $ BREHSBTTPDIJBUFE UP UIF FMFDUSPTU
QBSUJDVMBS DIBMMFREHHAFQSP CMBRN 'PSBQBSUIPNMEE XF XBOU UP E|
IPXUIFTZTUFN FWPMWFT XIFO FBDI QBSUJDMFJT JOUFSBDUJOH XJ

FmFp < —AL)J!G
apipanth BBV
XIFSHJT UIF QPTJU?IPJ(D@IESLUI.FD}@M_IESB(SEBM QBSBNFUFST UIBU XF XJMM
5lF OBIJWF XBZUP TPMWFUIJT CZEPJOHUIFFYQMJDJU TVNNBUJ
DPNQME JUXIJDI RVIDLMZ CFDPNFTJOTVSNPVOUBCMF BT UIF OVN!
5P TQFFEVQ UIFDPNQVUBUJPOT BTIJNQMF NFUIPEJTUP VTFDVUPR
BDFSUBJO SBEJVT BSFUSVODBUFE )PXFWFS OFHMFDUJOH QBSU
MPOH SBOHF FRFDUT DPNFTBUUIFDPTUPGMFTTFYQMPJUBCMEF O\
FU BWS< >
*OUIJTDIBQUFS XFBSFJOUFSFTUFEJO B QBSUJDVMBS DMBTT F
DPNQVUBUJPOBM DPTU PG UIF FMFDUSPTUBUJD QPUFOUJBM OBN
*SPOJDBMMZ UIF NFUIPE XPSLTCZDPOTJEFSJOHBO JOSOJUF QFSJF
DPNQMFYJUZ UIFOMAREBRXTXBETBSF BCMF UP VTF GBTU '"fli'\i USBOTGPS
8F XJMM QSFTFOU B GVMM EFSJWBUJPO PG UIJT NFUIPE TUBSU
NFDIBOJDT JOUIFDBTFPGUIF Xdi\YXQPMBSJTBCMF GPSDF SFME 5
PWFSWIJFX PG SFTVMUT GPS UIJT NFUIPE XJUI OP OFX SFTVMU FY
PSEFS GPS XIBUJT DPNNPOMZ SFGFSSFEBTWIFTFMG UFSNT JO 4FI
8F XIMMTFF UIBUVTJOH QFSJPEJD CPVOEBSZDPOEJUJPOTDPNFT
UIFQPUFOUJBM FOFSHZ UIF $flcfdYE®T MBX GPSDFT VT UP NBOJQVM

Y


https://doi.org/10.1021/acs.jctc.5b00171
https://doi.org/10.1021/acs.jctc.5b00171
https://doi.org/10.1021/acs.jctc.5b00171
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.24257
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.24257
https://onlinelibrary.wiley.com/doi/abs/10.1002/jcc.24257

AN W %FSIWBUJPO PG &lIVaY<«<T TVNNBUJ

UIBUUIFPSEFS PG TVNNBUJPO TIPYME CFUBLFO JOUP BDDPVOU XIJLC
SIFQFSJPEJD CPVOEBSZDPOEJUJPOT QSPCMFN IBT CFFO FYUFOTJW
DSZTUBMT DBO CF UIPVHIUBU B SSTU PSEFSBQQSPYJNBUJPO BT B U
TZTUFNT "OE UIF &nXc[ET TVNNBUJPO NFUIPE XBT SSTUEFWFMPQFE
UlJT NPEFMIBTBMTP CFFO TVDDFTTGVMMZ BQQMJFE GPS JOUFSBDU
GPS POFTUIBUEPOPUTFFNUPIBWFBOZ SFBTPOUP CFUSFBUFE JO E
FYQMBJOFE CZ UIF FYUSFNFJIJNQPSUBODF PG UIFTPMWFOU GPS FY|
SFBTPO XIZBIVHF QBSU PG UIF XPSL CZ 1fe[\i GBB UIXBXAENKIJ®GBIFE SF!
UP IBWF BOBDDVSBUF NPEFM GPS XBUFS

*OEFFE XIFO XFDPOTJEFS NPMFDVMBS TZTUFNT XJUI QFSJPEJDJU
GPS UIFBIFBRF QSFTFODF PG UIFJS QFSJPEJD JNBHFT 8F UIVT IBWF U
XJUI FOPVHI XBUFS TP JU DBO FRRIMFBIMHP B H LBGRUTPAMMWHSIFU S51JT JT BU UIF
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EZOBNJDT GPS NJMMJPOT PG BUPNT DBO CFDPOTJEFSFE UIVT BMM
UIFFOWJSPONFOUPG TZTUFNT PG JOUFSFTU

JPXFWFS DMBTTJDBM NFUIPETBSFJOIFSFOUMZ MJNJUFE CZ UIF «
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XJUI DPNQVUBUJPOBNMEDP BB FXIKUNZXTOZb CHRBE XFBEOE + EF
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ABSTRACT:A fully polarizable implementation of the hybrid quanfum
mechanics/molecular mechanics approach is presented, where the classi¢at TioAs e

environment is described through the AMOEBA polarizableefdrcA e ~ o ¥
variational formalism, esing a self-consistent relaxation of both the M ig i’ 3 3
induced dipoles and the QM electronic density, is used for ground state- .-

energies and extended to electronic excitations in the framework of tinges 2«

dependent density functional theory combined with a staterggpoinse of L.
the classical part. An application to the calculation of the solvatochromismi#a
the pyridiniumN-phenolate betaine dye used tmedhe solvent{E30) o p‘_ ol
scale is presented. The results show that the QM/AMOEBA model not only
properly describes specand bulk eects in the ground state but it also

correctly responds to the large change in the solute electronic charge distribution upon excitation.

1. INTRODUCTION

The idea of studying an intrinsically quantum-mechanicg
(QM) process taking place in a complex environment b
partitioning the whole system into a (smaller) subsy®tem (
and the environmenE) has a long history in quantum
chemistry. Within this framew@ils identied as the minimal

as‘“electrostatic embedding nowadays the most common
M/MM formulation: it in fact allows one to include the
ects of the classical subsystem in the determination of the
M electronic density and all its related properties. What,
however, this approach still misses is the possibiityofor
polarize in response to the charge density (and its eventual

subunit where the process occurs, and is described usin3#19€s) of th& subsystem. To include such a mutual
accurate albeit expensive level of theory, typically QM, wherd@&rization ect, an extension of the QM/MM formulation
the environment is treated at a much lower detail miesu ~ €yond the electrostatic embedding is necessaryeaext di
to properly describe itseets on the process under study. Two@ltérnative strategies have been proposed”$3 farthis
alternative strategies are most commonly followed: one 4frk, we will illustrate the theoretical development and the
either model the environment as a polarizable co m Ccomputational implementation of a novel _polar%able_QM/MM
employ an atomistic description Ebfby introducing a  @Pproach, based on the AMOEBA _po_lanzz_aﬁi‘é Fihich
molecular mechanics (MM) foroeld (FF)®S” The latter we WI|| refer to as'QM/AN_IOEBA. Within this framework, the _
class of approaches is commonly referred to as QM/MM, ancpgylronment pola_nzatlon is achieved through the use of atomlp
widely used, particularly when electronic processes in compi@it dipoles, which are induced as a response to the electric
environments are studied. eld generated by ti$esystem as well as the same MM sites
Since the rst formulations, dirent QM/MM approaches Pearing distributed multipoles up to quadrupoles. An approach
have been proposed; in most of theneffieetividamiltonian 0 couple AMOEBA to a QM package has been recently
de ning the electronic properties of the QM subsystem in tharoposed’ in the framework of a non-self-consistent
presence of the MM system is divided into a term describiR§ecedure. In this contribution, for tret time in the context
the isolate® and a term taking into account its electrostatic
interaction with the classical environment through poirteceived: April 16, 2016
charges centered on the MM atoms. This formulation, knoviaublished: June 24, 2016
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of AMOEBA, the global relaxation of the mutual QM/MMthe electrostatics through atomic multipoles, up to the
polarization is achieved by solving the QM/AMOEBAquadrupoles, placed on each classical atom. Polarigetson e
equations in a self-consistent manner, without approximatice® included by using an induced point-dipole model within the
The implementation is further extended to describemeared Thole damping interaction schehhis is achieved
electronically excited states. As a matter of fact, nonpolarizéylealso providing the classical atoms with atomic polar-
QM/MM formulations can be easily extended to excited statézabilities. In general, the polarizabjlisya symmetric matrix;
as the“new operator has a one-electron nature. When & practice, the scalar isotropic polarizabilities = tr( )
polarizable embedding like AMOEBA is used instead, a . 8
di culty appears when a linear response (LR) approach Iiﬁ{elxe used |n|ste|ad. ical K h polarizabtiesi
that commonly used in the time-dependent density function%l na p”:e. Y f asds_lca_b ramework, at eac pm.zabh &ite
theory (TD-DFT) is used. In the LR formulation, in fact, the> afic mu tlpol ar _|str| .Ut'%n glenerates _??] e IENED. gt
whole spectrum of the excitations of interest is determined iﬁnguceks an e efCtL'C p0||nt-. Ipole momen ; edsert] {ih=t'is .
single step calculation by solving for the poles of the pro;%;; un n.OW%fO the polarization problem and the minimizer o
response function. When the same problem is formulat function
within a polarizable embedding, an additional contribution has _ Nea 1 Nea
to be taken into account, namely, the dynamic response of the,™=§ E .+ ( iSI) D
E subsystem. In the standard formulation of polarizable models i=1 25
(both in their continuum and MM formulations), such a 1 Neat Neal
response is calculated through the transition densities + = Vi
corresponding to the drent excitations: the oscillating 21 1)
transition density of th® subsystem induces an oscillating . - .
polarization in thé€ subsystem which creates an in-phasé/heére indexes and generally indicate Cartesian
response acting back to the transition détéityhis LR componepts, for which the Elnsteln summation convention is
formulation has been shown to properly describe the dynalﬁﬁsumecﬁ and ; are the electrield and the induced dipole,
environment ect in_excitations involving bright states oth at atom site Note that we will generally assume that,
characterized by a large transition dipole mdmehe while all the classical sites are characterlzeq by mult_lpole
same formulation, however, lacks the capability of descrigfigments, not all of them will be polarizable, i.e., associated
the relaxation of the environment in response to the changedjiit @ Polarizability. The number of classical and polarizable
the QM density upon excitation: it is therefore not suitable €S are indicated Mgy andNp,, respectively, wittyy
model excitations involving large changes such as chaftyas Further details can be found in previous works on the
transfer (CT) like excitations. To overcome this shortcominfprc® €ld;™"" here, we only recall the expression for the
various models have been introduced to recover a state-spdd@mped) dipole interaction tensor:

(SS) description of the response both within a confifitim Sl S
or an MM formulatioff Here we adopt a perturbative  ; =8 (u)+3—— "1 {u)
. . . . il & 3 3\ S P
correction which is exactly equivalent to the so-called corrected 5 S 5 Sl )

linear response (c-LR) scheme originally developed for . . L
polarizable continuum mod&lanithin this framework, a Several damping schemes to avoid theB\é\g%II-kokmmnatlon
relaxed density matrix is calculated for the excited statecdfastropian be found in the literatd?é™>*’ The scheme
interest and the corresponding excitation energy is correcgployed in AMOEBA makes use of an exponential damping
for the interaction with the proper induced dipole moments

_ 1 & SSay’
within the environment. (W) =1S e
To show the potentialities of the method, we have selected a . Sauds S and
very well-known solvatochromic probe, namely, the pyridinium  s(ty) =1 S (1 + €>4)e&>® ®)

N-phenolate betaine dye (tetaine-3). Due to its large

negative solvatochromism combined with a high solubility \iwvhereuj =5l
many dierent solvents,_ it was proposed as a solyatochro Slarizable sitésnd].
indicator for the determlnatlonsgzthe solvent polarity, through |, 2 more compact notatid= (E[, El, ... El. )" and =

an empirical scale called30). From a computational T AT . Pot 7

point of view, this molecule is really challenging for at least thia: 2 - N, are the collections of the electeid and
reasons: (i) it is zwitterionic in its ground state and (ii) thénduced point dipoles at each polarizable site, while the
excitation is related to an intramolecular charge transfer (C3ymmetric, positive diéte matrixT, the size of which iblg,
between the pyrimidine and phenolate moieties which acts®o3Np, and which is usually called the polarization or
reduce the zwitterionic character. For such a kind of excitationigraction matrix, is deed as ireq 4 wherg ;); is the 3x 3

the solvation model not only needs to be able to properlyatrix dened as ireq 2

describe both speciand bulk eects in the ground state, but it

;) /% is theeffective distabeaveen two

also has to correctly respond to the large change in the e 12 D Ny :
electronic charge distribution from the ground to the excited ) °
state. We will show that both of these requirements are fully 21 >t S 2Ny ;
satised by our implementation of the QM/AMOEBA. T= °
2. THEORY AND IMPLEMENTATION . .81
Npoll * NpoR * Npg 4)

2.1. The AMOEBA Force FieldOne of the main
characteristics of AMOEBA is the improved description of Equation Xcan now be rewritten in matrix form as

3655 DOI:10.1021/acs.jctc.6b00385
J. Chem. Theory Comp@016, 12, 36583661
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Pol 1 ‘T § 'E The variational environment terffi™, can be written as
2 ®) the sum of a constant MM contributidh which does not

It is possible tond the polarization energy as the minimum ofd€pend on either the electronic density or the induced dipoles,
Pol \ith respect to the induced point dindlemhich a polarization energy, and a QM/MM coupling part. For the
c’orres onds tg the solution to the Iingar s stgm ’ following manipulations, it is convenient to write separately the

p Y interaction of the QM density with the static multipoles as

Pol , QMMM (D) " and to add the interaction between the induced

— =T SE=0 ©) dipoles and the QM density to the polarization energy, from

Pol . .
I . N now on named, (P, ); the resulting expressions of the
This is the general formulation of the polarization proble nrious terms are

and is clearly variational. In the case of AMOEBA, however, the

polarization energy is no longer a variational functional of the Evp, )=, PRy PO'(R ) + QUMM p 1),
induced dipoles. This is due to the fact that two sets of induced

dipoles are generated by two elec#lits, diering for the PolD = 1 T3 1,. .

scaling of the local interactions. Particularly, one set of dipoles,’ (P )= 2d p E( pEd RSy

indicated as, is due to the so-call&tirect eld’ E;, which is 1 .

produced by multipoles placed on all the other classical sites. S E( bt EM B (12)
The other set, indicated gs is induced by ‘golarization

eld' E,, where the contribution of therli(wheren = 2,3,4,5) QUMM () = g \RM( p & SEQN( PS @Y )p

neighbors is scaled. A more detailed treatment on this point can’
be found in other works of some ofiiere it su ces to say (13)
that the previous expression can be recast taking into accouhereq, ¢, and ; are the xed charges, dipoles, and
the di erent elds and induced dipoles. We recall that quadrupoles, respectively.

The electronic terms of"™M in eq 13can be expressed

=1. X X . .
,i°'=S§ = @ as functions of the one-particle electron density matrix
elements
is the proper expression for the AMOEBA polarization energy. Ny
Imposing the stationarity conditions for both sets of dipoles M- p) = p v ()
Ta=F N M (1
T =E =S P T e d3|'
p- P (8) g |rSil
where each set of induced dipoles is the variational minimizer oy No
of the corresponding energy functional, it is possible to E (n P = P E(Y)
reformulate the AMOEBA polarization energy as the N .
combination of three variational expressiuaiyy obtaining _ P (n ((rs)
Pol 1. «1,. . g IrSuf
ala o) =50l S 50Kt B ©) N,
E'(rP = PG()
2.2. An SCF-QM/AMOEBA Formulatioithe coupling of '
a classical description of the environment with SCF-based Np
methods has already been discussed, especially for polarizable = P, (0 () 1E)d °r
continuum solvation models in a variational séh&me 5 (14)

Generalizing those formulations to the QM/AMOEBA . .
approach, the global variational energy functional can Bere the electron dendityras been expanded in a basis of
written as the sum of three terms: (i) a purely QM energ@tomic orbitals and is the Jacobian of the electeit with

functional, i.e., the SCF energy functio®4j (ii) a purely elementy 1E) (19 = ET(') with  and being generic
MM term given by Fhe sum of t_he _bondlng, d|spers_|on/ artesian components. The corresponding terms induced by
repulsion, electrostatic, and polarization terms accordlngt

h ’ o ; 2 nuclear distribution are trivial and are not reported.
thelr.denmon within the AMOEBA FF; and (iii) a coupling Imposing the stationarity conditions for the global functional
term; namely, we have

in eq 10 taking into account the constraints on the electronic

- QM M Col density matrices, gives the coupled QM/AMOEBA equations.
(P )= A+ "M tP) ' The QM/AMOEBA Fock matrik is obtained by dér-
= Mp o+, BY(R ) , (10) entiatingeq 10with respect to the density matrix:
where in the RHS of the equation we added together the - _ (P, )
coupling and MM energy functionals . Notice how the P
variational strategy, by introducing the global energy functional Mp) . P ) i
in eq 1Q automatically takes into account the mutual = P + P
polarization ects between the QM density and the induced
dipoles®** = FO 4+ pE (15)
3656 DOI:10.1021/acs.jctc.6b00385
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where the ter® of eq 15corresponds to the Fock matrix of for each couple of transition vecXr®y, the response linear
the pure QM electronic problem, wHil¥is the contribution  equations

to F from the classical environment. The elements of the latter _ -
can be written as T =EPR) (21)
& e & e = where
F"=qVv S (E S Gsl(+d)E
s 2P (16) (r é rF)
i — E(PD = Pha . {)—=—5 (ndr
where the matric& , E , andG are those appearingein o Kag IFrScf 22
14 Note that th& elements involved in the second term on al P (22)

the RHS okq 16are formally identical to those appearing inNotice that in the right-hand sideg®lonly the electriceld

the rst one but are computed over @mint set of atomic  due to the transition density appears: as the classical multipoles

sites (the polarizable ones only). do not contribute to the transition dipoles, the p and d
The linear equations for the dipoles are obtained by settirgsponse dipoles introduceddntion 2.are identical. Again,

the derivatives efy 10with respect to both sets of dipoles to the modied Casida equations depend (linearly) on the

zero: transition induced dipoles, which in turn depend (linearly)

on the transition vectoXsY: although the coupling is linear, it

— M
T p- Byt E(P is still convenient to solve the couple equations iteratively, by
T —E+ EM solving the transition dipole equations at each step of the
a = Ea (B (17) iterative procedure used to solve the Casida equations.

Notice that the Fock matrix depends on the induced dipoles | "€ great advantage of the LR scheme is that it allows one to
tain a whole spectrum of transition energies at once. If the

and that the RHSs of the dipole equations depend on t L . . g
density matrix: the two sets of equations are therefore coupR¥plem IS isolated, it provides the same results as state speci
accounting correctly for the mutual polarization of the QM arl>) @pproaches, where instead the wave function of each
classical charge densities. The coupled equations need t&fdted state is explicitly computed. By contrast, the
solved iteratively, which is not a problem in practice, as the Soduction in the Hamiltonian of a nonlinear term due to
equations are already solved with an iterative algorithm. {}§ Presence of a polarizable environment results in a formal
note that the matrik depends only on geometrical parametersd! erence between the two approgctigsor this reason, a

and can be computed and inverted atr#ieSCF cycle, thus ~coITection to the LR scheme (catiedectdihear response, c-
reducing the computational requirements at the following stegg) has been proposédThe dierence between the two

Alternatively, this problem can also tieatly solved with an  @PProaches (LR and c-LR) can be depicted by a two-step
iterative procedure (seection 2.4or more details). process for excitation in solution: First, the molecule in its

2. 3. Extension to Electronic ExcitationsThe discussion  9round state, in equilibrium with the solvent, is excited to the
so far has involved the energies and properties of the electréhfi€K in the presence of a solvent response frozen to the one
ground state. To extend the treatment to excited states, @€ Selute ground state. The description for this step of the
follow a linear response theory for SCF methods. A compl&@2Cess is the same in both of the approaches. In the second

derivation of the polarizable QM/MM LR response equationgeP: the fast electronic degrees of freedom of the solvent
can be found elsewh&t&: here it suces to say that the equilibrate with the electron density of the solute excited state,

electronic transition energigsand densitie%, Y are found ~ &nd in this part of the process, the LR framework lacks in taking
by solving the modid Casida equatiéhs explicitly into account the energy variation accompanying this
relaxation, whereas it accounts for a correction which, being

A B X% _ 10 X originated by the dynamic s(ﬁﬂ&!vent interactions, can be
B A Y Ko 31 Yy (18) classied as a part of dispersion. The working equation, namely,
N (ol
The matriced andB are dened as gR= 28 i (s POE T P
2
« s . P (23)
A= an f > X* (diS ¢ dyij+ ?;fbj . »
Pol ' corresponds to the expression of the c-LR transition energy for
+ by the Kth excited state. In this formulatiofy,represents the

_ - . | response of the system in a solvent frozen in its initial

Binj= (alb) S ¢ )b+ giabj (19) con guration (corresponding to the system in its ground state),

and it is the solution of a non-Hermitian eigensystere@s in

&I@ whereCh%,; = 0 but the orbitals and their corresponding
energies, employed to build the A and B matrices have been
obtained by solving the SCF equation for the solvated system.
Py is the so-calledlaxed-density matomputed through the
so-calle@-vector approathas

where are the orbital energiepdi9 are two-electron
integrals in Mulliken notation, and we assume that the orbit
are real and the coeientsg, and G de ne whether we are
considering the Hartf&eock theoryd, = 1,G = 0), pure DFT
(6= 0,G = 1), or hybrid DFT. The elements of maifXare
due to the environment polarization:

__ (r$n ] Pe= Pkt Z (24)
b= S @ o1 m (ndr - 5( P wherePy is the unrelaxed density matrix with elements given in
P P terms of the transition vectd¥, Y« , and theZ-vector
(20) contributionZ, accounts for orbital relaxatioras.

The matrixC™ depends on the dipole§ induced by the 2.4. Implementation. The hybrid QM/AMOEBA method
transition densifyf = X« + Yi, which are obtained by solving, has been implemented in a development version of the
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Gaussian softwédreln the present implementation, the we] :
program computes all the terms that depend on the QM ;

density, including the sets of induced dipoles.The © R — ;
energy terms depend neither on the QM density nor on the | i ]
induced dipoles and, in a static picture, are constant. el I B | “,x'/ F
In order to compute the induced dipoles, both an inversion E i
approach and an iterative one have been implemented. In th(i_; 5 e
former case, the polarization ma#ix4 is computed and [ '
inverted only once during thest step of the SCF and then &
stored and multiplied for the appropriaiel to obtain the
solutions to the polarization problem. At each SCF cycle, only . P
two matrix-vector products (one per set of dipoles) need to be  * -
performed, concentrating the computationait elmost - o
entirely in therst SCF step. 1 =TT e
By contrast, in the iterative approach, the polarization Wi, VRHAR LA - ARl T BRI
equations are solved iteratively at each SCF step or at each st R mzer of ©mdutes dpner
of the iterative solution of the Casida equations, using agigyre 1Relative times needed to solve for the induced dipoles, using
guess the induced dipoles of a previous step, when availaplgrent methods. Green line, inversion; red line, Jacobi iterations;
Two algorithms have been implemented: Jacobi iteratiobise line, preconditioned conjugate gradient. The times are cumulative
coupled with direct inversion in the iterative subspace (Jhd refer to the sum of all SCF cycles until convergence is reached.
DIIS) and the preconditioned conjugate gradient ( ). The number of SCF cycles considered is the average one across the

Both are available for the ground and LR excited stayarious structures considered. The values have been normalized for
problems comparison with respect to the time required to solve the smallest

The advantage of the inversion approach is that the m%)[lanzatlon problem (7 A polarization radius, 765 induced dipoles)

- . L - CP the inversion procedure.
expensive part of the procedure, i.e., the matrix inversion, needs
only be performed once. However, the computational cost @k (the iterative solutions take less than 1% of the total
such an operation grows with the cube of the number gf,q).
polarizable sites: for large systems, iterative alternatives becom

mandatory. Furthermore, iterative methods can be easily A TEST CASE: THE SOLVATOCHROMISM OF
combined with fast summation techniques, such as the fastBETAINE-30

. 47 . . . . .
multlpotlet_metlho - |rf1 or?ﬁr to l"’“i.h'eve fl”j[ﬁar Scf‘"F‘g tl'n In this section, we present an application of the QM/AMOEBA
computational cost Tor the solution of the polanzallOfly, ;e mentation to the simulation of the excitation energies of a
equations. We here present the relative time requirements lI-known solvatochromic probe, the pyridiNiimenolate

the computation of the induced dipoles in the whole SChetaine dye, from now on indicatethasine-30seeFigure
procedure, using the inversion and iterative algorithms. THe the golvent we selected for this test case is water, since it
calculations have been performed on the test system whose

results will be discussedsécttion 3The dimension of the
polarization problem has beencidlly varied, by considering || |
various polarization cusgi.e., by including aelient number
of induced dipoles. The dimensions of the QM system, as well -

as that of the nonpolarizable classical environment, have been I l

kept xedFigure Teports the dependence of the relative times R e,

on the number of induced dipoles. A
From the plots reported in thgure, it is clear that the I. 1

iterative procedures are more convenient than the inversion R e

one. This becomes more evident as the size of the problem |
increases, since both JI and PCG algorithms scale quadratically
with the number of induced dipoles, while the inversiopigure 2 Betaine dye studied.
algorithm, LU decomposition, is characterized by a cubie

scaling. In particular, when the polarization radius is increased

from 7 to 20 A (number of dipoles increasinglidy from constitutes one of the most interesting cases due to its high
765 to 7338), the inversion algorithm increase30y. For  polarity combined with a hydrogen-bonding character. In
both JI and PCG algorithms, the relative increaéxis particular, we will try to dissect these two components of the

Furthermore, when the number of polarizable dipoles élvent eect by comparing QM/AMOEBA with a continuum
small (polarization radius 7 A, 765 dipoles), even if the JI/PCdescription using the polarizable continuum model (PCM)
methods are faster than the inversion one, the choice of {ghin its integral equation formalism (fEF)e recall that
solution scheme does not really matter, since the relative tith® model describes the environment as a structureless
to solve for the induced dipoles with respect to the total time tontinuum, characterized by its macroscopic dielectric function.
for each of the three cases, less than 0.1%. This is no longer Argavity containing the solute is built around it, and the solvent
in the most expensive case (polarization radius 20 A, 7388arization as a response to the solute charge density is
dipoles), where almost 16.5% of the time for the calculationrépresented by an induced surface charge distribution on the
spent in computing the induced dipoles with the inversiocavity.

o
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In order to obtain a realistic sampling of the Sehiient the corrected linear response (c-LR) appfaaaxpected to
interaction, a well-established procedure has been appligide a more accurate picture than the standard LR.
which makes use of snapshots extracted from a classic@he results obtained with the threemint QM/AMOEBA
molecular dynamics (MD) simulation with the AMBER generaésponses describedéution 2.gnamely, o, LR, and c-LR)
force eld for organic molecules. An optimized geometry of there summarized gure 4
dye was solvated with a cubic box containing 11380 water
molecules, described at the TIP3P“fewdth dimensions of i
74x 72x 78 B. The system was heated from 0 to 300 K for
100 ps with a 2 fs time step, employing the SHAKE algfbrithm
as in all the following steps. The Berendsen thefioatat
used to control the temperatue. A 200 ps equilibration in the
NVT ensemble was then performed. Before the actual*
production, the system was further equilibrated in the NPT
ensamble at 1 atm for 5 ns. Here, the Monte Carlo barostatu:
implemented in Amberf4vas employed. In the 30 ns long
MD simulation, the betaine-30 was kept frozen in its ground , _
state equilibrium geometry (computed at the QM/PCM level).
A set of 100 uncorrelated snapshots was extracted, on whic
the QM/AMOEBA calculations were performed. Since the

.l

B - ko - £ E+ -

e ect of polarization is short-ranged, and the computational ' A i B e e
cost increases markedly with the number of induced dipoles

Figure 4 Distributions of the lowest (bright) excitation of betaine-30

only the classical atoms within a certain radiym(#nzation - .
. . : alculated with the threeatient QM/AMOEBA responses (LR, blue
radiusR,o) were allowed to polarize. The optimal value of thﬁne' o Yellow line; c-LR, red line). The curves are Gaussifthe

radius was chosen after performing a convergence test, wijgig
the rst three excited states of the solvated betaine dye were
computed at increasing valueR,gf The results, reported in
Figure 3show that convergence can be observed starting fronFrom the comparison, it is evident that tleete of the

10512 A. A safe valueRyf; = 15 A was chosen and employed relaxation of the solvent, which we include through a c-LR
in all of the calculations presented. formulation, play an important role, as a sagtiredshift (of

about 0.2 eV) is observed with respect to the frozen solvent
approximation (p). As expected due to the CT character of
the excitation, the LR formulation does not change,the

; value, as it cannot account for tleets of the rearrangement

- 2 & of electron density undergone by the dye upon excitation.

; The comparison with experimental data is, however, the
i i most interesting test. In order to be able to provide an analysis
which is not biased by systematic errors in the excitation
energies due to the QM level of theory, we compare the
computed and experimental gas-to-water solvatochromic shifts
- S = 'n instead of the absolute excitation energies. To better elucidate
g the various @cts that determine the observed solvatochromic
e ) shift, i.e., short-range and speiiteractions and the bulk
e ects, it is useful to compare with twerdnt solvation
. models. The rst, QM/PCM, employs a purely continuum
i . s “a description of the solvent, whereas the second, QM(ME)/
welet atimmnazlos, 2 jla PCM, includes‘ainimal environméhin the QM system, i.e.,

) o ] ] ~ the two water molecules hydrogen-bonded to the oxygen of the
Figure 3Lowest three excitation energies of betaine-30 as funcuonqﬂfe’ while the rest of the solvent is still treated at the PCM
the polarization radiufg,, with the total radius for the inclusion of |&ye| The |atter model should better describe the combination
classical environmemed at 25 A. Blue, red, and yellow curves refe f short-range speciand bulk interaction with respect to the

to the rst, second, and third excited states, respectively, calculate :
one snapshot at the TDDFT level, within the linear responsi /PCM analogue. In the QM(ME)/PCM calculation, the

approach. A valueRy; = 0 indicates that all of the solvent moleculesCON guration of the QM water molecules has been optimized at
are nonpolarizable, and are only described in tewed ofultipoles. ~ CAM-B3LYP/6-31+G(d,p). The results are reporfeghile 1

(all data refer to c-LR calculations).

As expected, the QM/PCM model markedly underestimates
the solvatochromic shift with respect to the two other models

All calculations (geometry optimizations and excitatiofand to experiments). This clearly shows that including an
energies) have been performed at the (TD)DFT level ddtomistic description of the most strongly interacting water
theory using the CAM-B3LYP exchange-correlation funmolecules is fundamental to account for therediial
tionaf® together with the 6-31+G(d,p) Gaussian basis sesolvation eects in the ground and excited states of the
We particularly focused on the properties of the lowest (brighigtaine-30. However, it is worth noting that the inclusion of the
excitation, on which th®(30) scale is based. The excitationtwo hydrogen bonded water molecules in the QM region in
shows a strong charge-transfer character, and for this reasombination with a continuum description (through the

grams.
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Table 1. Gas-to-Water Solvatochromic Shift (in eV) for the analytical gradients for the QM/AMOEBA model and the

Lowest (Bright) Excitation of Betaine-30, Computed with  development of the Gaussian/AMOEBA interface will allow us

Di erent Solvation Modéls to exploit not only parallelism but also linear scaling
techniqué$ in order to further reduce the overall computa-

QM/PCNJ 0.79 tional cost due to the polarizable embedding. The addition of a
QMEME) PCM 117 further layer to the model, namely, of a polarizable continuum
S)'(\:'?fMOEBA ll'é’:t 0.02 solvation model, wilhally allow one to deal with long-range,

. ) bulk eects while, at the same time, reducing the portion of
:ggsgxé/;“ftroai?efz f‘g'#]‘?th': ’a%ta_'ﬁ?d fmrgi:::r \%?ﬁﬁgic{;ﬁa 108nvironment to be treated explicitly. An innovative, parallel,
: - Thedzome - linear-scaling implementation of the conductor-like screening

gl\l/glalculatlons were performed at the TDCAM-B3LYP/6-31+G(d, 0dei®®° has already been coupled to AMOEBA for

: classical MD simulatidhsnd to the MMpol dipole-based

polarizable forceeld for QM/MM calculatiorf$ the

QM(ME)/PCM model) still fails to recover a large portion ofcombination of all the aforementioned developments will
the observed solvatochromieces (namely, 0.4 eV are still result in a powerful and @ent tool to investigate dynamic
missing to reproduce the experiments). The inclusion of pgoperties and reactivity in complex environments.
larger number of explicit solvent molecules with AMOEBA
instead leads to a solvatochromic shift which is almost exacty ASSOCIATED CONTENT
equivalent to the experiments. Such an excellent agreementspnorting Information

might be fortuitous due to the many approximations introduceg, Supporting Information is available free of charge on the

in the comparison, such as the use of a calculated Ve”iﬁé?s Publications websiteDOI: 10.1021/acs.jctc.6b00385
excitation and an experimental band maximum, and the

extrapolated value used for the experimental gas-phase value. Cartesian coordinates of all the snapshots used for the
However, the additional +0.4 eV shift obtained going from the =~ QM/AMOEBA calculation<IP)

QM(ME)/PCM to the QM/AMOEBA model clearly suggests

that the strong hydrogen-bondingce is not the only source AUTHOR INFORMATION

of di erences with respect to a purely bulk description. Looki .

more deeply into the results, it is interesting to point out thg%rres_p.ondmg_Authprs .

the di erence between QM/AMOEBA and QM(ME)/PCM _ -mail: ippari@uni-mainz.de

solvatochromic shifts is already present at, feeel, which *E-ma!l:Jpp@lct.1u33|eu.fr o

means that the addition of the c-LR response is almost equafiyMailbenedetta.mennucci@unipi.it

described by the two models. We can thus speculate that Euwading

zwitterionic nature of the betaine-30 ground state has a largkis work was supported in part by French state funds
specic, long-range ect in orienting the water molecules andmanaged by CalSimLab and the ANR within the Investisse-
this leads to anal solvation ect that cannot be accurately ments tAvenir program under reference ANR-11-IDEX-0004-
described with a pure continuum or a partial atomistidd2. F.L. gratefully acknowledges the Alexander von Humboldt

continuum approach. foundation for funding. E.P. and J.-P.P. are grateful for support
by the Direction Generale derinement (DGA) - Maitrise
4. CONCLUSIONS NRBC of the French Ministry of Defense. S.C. and B.M.

We presented here the theoretical development and tAeknowledge the European Research Council (ERC) for
computational implementation of a polarizable embeddingancial support in the framework of the Starting Grant
QM/MM within the AMOEBA framework. The implementa- (EnLight-277755).
tion accounts for a fully relaxed evaluation of the QM/MMotes
energy for both ground and excited states, in the frameWOrkTq}fe authors declare no Compet'm@’]cia| interest.
a DFT/TD-DFT theory. In particular for the excited state, a
state-speai (SS) formulation of the response of the classical REFERENCES
oot e o AAA o ) Cramer, G i e, Rteog o 21682200
. . . . : Tomasi, J.; Mennucci, B.; CammiCRem. Re2005 105
of betaine-30 is presented and discussed in comparison WiHe3093
purely continuum and mixed atomistic/continuum models: thgz) warshel, A.; Levitt, M. Mol. Biol.976 103 22%5249.
obtained results in the simulation of the large gas-to-watef) Gao, J.; Xia, )6cienck992 258 635635,
solvatochromism of this dye show that the QM/AMOEBA (5) Maseras, F.; Morokuma,JK Comput. Cheh895 16, 1176
approach can describe with equal accuracyetheewater  1179.
on the zwitterionic ground state and the roation induced ~ (6) Lin, H.; Truhlar, D. GTheor. Chem. A2607 117 1885199
by the excitation. (7) Senn, H. M.; Thiel, WAngew. Chem., Int. 09 48 119%
This work represents thest step of a series of new 1229. _
developments toward a high-performance, parallel impleme @_‘ggggpson, M. A.; Schenter, G.JKPhys. Chefr95 99
tion of polarizable QM/MM molecu_lar dyna}mlcs, whlch_stemlég) Bryce, R. A.: Buesnel, R.: Hillier, I. H.. Burton, Shén. Phys.
from the recent (_jevelopm.ents in th_e implementation qf 1t.1997 279 368371,
AMOEBA for classical MD simulations in the newly developeg g) Gordon, M. S.; Freitag, M. A.; Bandyopadhyay, P.: Jensen, J. H.:
Tinker-HP***>°" code and with the implementation of a Kairys, V.: Stevens, W3.Phys. Chem2@01 105 29%307.
versatile and transparent Tinker HP/Gaussian interface f@i1) Jensen, L.; van Duijnen, P. T.; Snijders,JJ.Ghem. Phys.
energy, gradients, and properties. The implementation 2803 119 38063809.

3660 DOI:10.1021/acs.jctc.6b00385
J. Chem. Theory Comp@016, 12, 36583661



"2, .."QQSPBDIG6TIJOHUIF ".0&#" 1PMBSJ[BCMF &NC

Journal of Chemical Theory and Computation

(12) Nielsen, C. B.; Christiansen, O.; Mikkelsen, K. V.; Kondsted, J.(45) Frisch, M. J.; Trucks, G. W.; Schlegel, H. B.; Scuseria, G. E.;
Chem. Phy2007 126 154113154118. Robb, M. A.; Cheeseman, J. R.; Scalmani, G.; Barone, V.; Mennucci,
(13) lllingworth, C. J. R.; Parkes, K. E. B.; Snell, C. R.; Ferenczy,B3.Petersson, G. A.; Nakatsuji, H.; Caricato, M.; Li, X.; Hratchian, H.
G.; Reynolds, C. A. Phys. Chem2@08 112 1215812156. P.; 1zmaylov, A. F.; Bloino, J.; Zheng, G.; Sonnenberg, J. L.; Hada, M.;
(14) Curutchet, C.; Mwz-Losa, A.; Monti, S.; Kongsted, J.; Scholes-hara, M.; Toyota, K.; Fukuda, R.; Hasegawa, J.; Ishida, M.; Nakajima,
G. D.; Mennucci, B. Chem. Theory Con20@9 5, 183%$1848. T.; Honda, Y.; Kitao, O.; Nakai, H.; Vreven, T.; Montgomery, J. A., Jr.;
(15) Lipparini, F.; Barone, ¥. Chem. Theory CompaLil, 7, Peralta, J. E.; Ogliaro, F.; Bearpark, M.; Heyd, J. J.; Brothers, E.; Kudin,
37183724, K. N.; Staroverov, V. N.; Kobayashi, R.; Normand, J.; Raghavachari, K.;
(16) Steindal, A. H.; Ruud, K.; Frediani, L.; Aidas, K.; Kongsted, JRendell, A;; Burant, J. C.; lyengar, S. S.; Tomasi, J.; Cossi, M.; Rega,
Phys. Chem.2B11, 115 30253037. N.; Millam, J. M.; Klene, M.; Knox, J. E.; Cross, J. B.; Bakken, V.;
(17) Boulanger, E.; Thiel, \i.. Chem. Theory Comp01.2 8, Adamo, C.; Jaramillo, J.; Gomperts, R.; Stratmann, R. E.; Yazyev, O.;
45284538. Austin, A. J.; Cammi, R.; Pomelli, C.; Ochterski, J. W.; Martin, R. L,;
(18) Gordon, M. S.; Fedorov, D. G.; Pruitt, S. R.; Slipchenko, L. Wlorokuma, K.; Zakrzewski, V. G.; Voth, G. A.; Salvador, P.;
Chem. Re2012 112 635672. Dannenberg, J. J.;_ Dapprlch,_ S.; Da_nlels, A. D.;_Farkas, O.;
(19) Gao, J.; Truhlar, D. G.; Wang, Y.; Mazack, M. Jfiiér, Eo; Foresman, J. B.; Ortiz, J. V.; Cioslowski, J.; FoGdbissian 09
Provorse, M. R.: RehakABc. Chem. ReB14 47, 28352845, revision A.1; Gaussian, Inc.: Wallingford, CT, 2089,Gaussian.

(20) Zeng, Q.; Liang, \W. Chem. Phg815 143 134108134119.  ©OM o

(21) Ren, P.; Ponder, J. WPhys. Chem2@3 107, 593%5947. (46) Caprasecca, S.; Jurinovich, S.; Legatde Stamm, B.;

(22) Grossfield, A.; Ren, P.; Ponder, J. Wm. Chem. S2003 Lipparini, FJ. Chem. Theory Cong3 11, 6946704,

125 1567§15682. (47) Greengard, L.; Rokhlin,JvComput. Ph¥887 73 32%5348.

48) Cancs, E.; Mennucci, B.; Tomasi. Lhem. Ph§997 107,

53041.

9) Jorgensen, W. L.; Chandrasekhar, J.; Madura, J. D.; Impey, R.
.; Klein, M. LJ. Chem. Ph$983 79, 9265935.

(50) Ryckaert, J.-P.; Ciccotti, G.; BerendsenJHCdmput. Phys.

1977 23 325341.

(51) Berendsen, H. J. C.; Postma, J. P. M.; van Gunsteren, W. F;

(23) Ponder, J. W.; Wu, C.; Ren, P.; Pande, V. S.; Chodera, J.
Schnieders, M. J.; Haque, |.; Mobley, D. L.; Lambrecht, D. S.; DiSta!
R. A., Jr; Head-Gordon, M.; Clark, G. N. I.; Johnson, M. E.; He
Gordon, TJ. Phys. Chem2®LQ 114 254%2564.

(24) Kratz, E. G.; Walker, A. R.; Lagarde.; Lipparini, F.;
Piquemal, J.-P.; Argi@isneros, G. Comput. Che2016 37, 101$

1029. DiNola, A.; Haak, J. R.Chem. Phy84 81, 368463690.
(25) Corni, S; Qammi, R.; Mennucci, B.; TomasiChem. Phys. (52) Case, D. A.; Babin, V.; Ber%ymin,lJ. T.; Betz, R. M.; Cai, Q.;
2005 123 134513134522 ) Cerutti, D. S., Cheatham, T. E., lll; Darden, T. A.; Duke, R. E,;
(26) Cupellini, L.; Amovilli, C.; Mennucci) B2hys. Chem2@.5 Gohlke, H.; Goetz, A. W.; Gusarov, S.; Homeyer, N.; Janowski, P.;
119 898468991 ‘ Kaus, J.; Kolossyd.; Kovalenko, A.; Lee, T. S.; LeGrand, S.; Luchko,
(27) Guido, C. A.; Jacquemin, D.; Adamo, C.; MennukceCHem. T - yo, R.; Madej, B.; Merz, K. M.; Paesani, F.; Roe, D. R.; Roitberg,
Theory Comp@015 11, 578355790. ) _ A.; Sagui, C.; Salomon-Ferrer, R.; Seabra, G.; Simmerling, C. L.; Smith,
(28) Caricato, M.; Mennucci, B.; Tomasi, J.; Ingrosso, F.; Cammi, @&/;; Swails, J.; Walker, R. C.; Wang, J.; Wolf, R. M.; Wu, X.; Kollman,
Corni, S.; Scalmani, &.Chem. Ph2606 124 124528124533. P. A AMBER 14University of California: San Francisco, CA, 2014;
(29) Improta, R.; Barone, V.; Scalmani, G.; FrischJMClem. http://ambermd.org/
Phys2006 125 054103054112. (53) Yanai, T.; Tew, D. P.; Handy, NC8em. Phys. L2004 393
(30) Marenich, A. V.; Cramer, C. J.; Truhlar, D. G.; Guidg, C. A51S57.
Mennucci, B.; Scalmani, G.; Frischl. @hem. S2D11, 2, 214% (54) Reichardt, C.; Welton, Solvents and Solveet in Organic
2161. . Chemistrydth ed.; Wiley-VCH: Weinheim, Germany, 2011.
(31) Reichardt, GChem. Re¥994 94, 231%$2358. (55) Lagarde, L.; Lipparini, F.; Stamm, B.; Polack, E.; Jolly, L.;
(32) Machado, V. G.; Stock, R. I.; Reichardthém. Re2014 Narth, C.; Kratz, E.; Cisneros, G.; Schnieders, M.; Darden, T.; Gresh,
114 1042$10475. N.; Maday, Y.; Ponder, J.; Ren, P.; PiquemalTIBKER-HP
(33) Thole, B. TChem. Phys981, 59, 3455350. Sorbonne Universitd PMC Univ. Paris 06: 2016.

(34) Lipparini, F.; Lagarge L.; Stamm, B.; Cascg.; Schnieders, (56) Lagarde, L.; Lipparini, F.; Polack, E.; Stamm, B.; Cdhce
M.; Ren, P.; Maday, Y.; Piquemal JJ.&hem. Theory Coniiit4 Schnieders, M.; Ren, P.; Maday, Y.; Piquemal, Chem. Theory

10 163%1651. Comput2015 11, 258%2599.
(35) van Duijnen, P. T.; Swart, MPhys. Chen. 998§ 102 239% (57) Narth, C.; Lagandg L.; Polack, E.; Gresh, N.; Wang, Q.; Bell,
2407. D. R.; Rackers, J. A.; W, P. J.; Ren, P.; PiquendalCdrfput. Chem.
(36) Wang, J.; Cieplak, P.; Li, J.; Wang, J.; Cai, Q.; Hsieh, M.; Lei, 016 37, 494506.
Luo, R.; Duan, Y. Phys. Chem2@l1, 115 31083111, (553) Klamt, A.; Schuurmann,JGChem. Soc., Perkin Trarg93
(37) Sala, J.; Gubia, E.; Masia, M. Chem. Phy201Q 133 79%805. _
23410$234115. (59) Lipparini, F.; Stamm, B.; Can¢g; Maday, Y.; Mennucci).B.

(38) Lipparini, F.; LagaréeL.; Raynaud, C.; Stamm, B.; Gaicp ~ Chem. Theory Comp0ti3 9, 36353648.
Mennucci, B.; Schnieders, M.; Ren, P.; Maday, Y.; Piquerdal, J. P.
Chem. Theory Comgot§ 11, 625634.

(39) Lipparini, F.; Scalmani, G.; Mennucci, B.; €dhac¢earicato,

M.; Frisch, M. 1. Chem. Phg61Q 133 014106014117.

(40) Lipparini, F.; Scalmani, G.; Mennucci, B.; Frisch].Mh&m.
Theory Comp@011, 7, 615617.

(41) Lipparini, F.; Cappelli, C.; Barone].\Chem. Theory Comput.
2012 8, 415%4165.

(42) Casida, M. E.; Jamorski, C.; Casida, K. C.; Salahub, D. R.
Chem. PhyE99§ 10§ 443$4449.

(43) Cammi, R.; Corni, S.; Mennucci, B.; TomasiChem. Phys.
2005 122 104518104525.

(44) Handy, N. C.; Schaefer, HJFChem. Ph¢884 81, 5035
5033.

3661 DOI:10.1021/acs.jctc.6b00385
J. Chem. Theory Comp@016, 12, 36583661



$IBQUFS "~ .VMUJTDBMF BC JOJUJP NPMFDVMBS EZOBNJDT

MMMel

<||NP >

<$#. >

<$$. >

<1PO

<5%4 >

<8BS >

<83 >

o)

"dfm cc’ $MBVEJPFRUFBM "EWBODFT JO UIF %FTDSJQUJPO
XJUIUIF1PMBSJ[BCMF $P®U EWBODFEFOI2VBOUWRNYE $CZNITU S
-Kn['e 1FS OMPW 7PM "DBEFNJD 1SFTT +BO QQ

$XezZ>] &SJD #i'j SMBVEF -F BD.EUXPpF TWRPOI §NBUJRVFT
$1JNJF 2VBOUJRVF 60F *BUBSNBADIRMWRIT-FU "QQMJIDBUJPOT
EFMCFSH 4QSJOHFS 7FSMBH iYe DJU P

$XgiXj\ZZX 4UFGBOP $lilkZ \k $BSMFT BOEZS®XREZE #FO

B60JSFE .PEFMJOH PG &0WJSPONFOU BOE #SJEHF .FEJB

USPOJD &0FSHZ 5SBOTGFS "'VMMZ 1PMBSJFBERMVSOBM1S.

PG $IFNJDBM 5IFPSZ BOE $FRWVUBUJP®Q t “jje
DJU PO Q

$1ilkZ_\k $BSMFT&UMBMISPOJD &0FSHZ 5SBOTGFS JO $POEF
CZB1PMBSJ[BCMF 2. *O+PNIS\D-BM PG $IFNJDBM 5IFPSZ BOE §
+VMZ QQ + ‘jje DJU PO Q

'i'jz_ . + FUBM Z(BVTTJBO - DJU PO Q

,Xigclj .BSUMOFWFMPQNFOU PG .VMUJTDBMF .PEFMT GPS $
UFNT 'SPN) ) UP #JPNPMFDVMFT*OPCHFXBOBVUB BIFNJIF *(
UFSOBUJPOBM &EJUJOQ t “jje DJU PO QQ

-\m kk .JDIBFMUI BOE 'VUVSFPG.VMUJTDBMF .PEFMJOH GP
UFNT /PCFM -FPQUOBHFXBOEUF $IFNJF *OUFSOBUJPOBM &EJ!I
QQ 1 “jje DJU PO QQ

-fZf %BOJFME'FUBMQQSPBDI6TJOH UIF ".0&#" 1IPMBSJ[BCM
EJOH 'SPN (SPVOE 4UBUF &0FSHJFT UPRRIVSOBMPED$EFNID
5IFPSZ BOE $PNQVUBWJIPO QQ + “ije

DJU PO QQ

1fe[\i +BZ 8 BOE $Xj\ %WBWIEF 'JFMET GPS 1SPUEQO 4JNV
1SPUFJO 4JN¥E BLZOBETA\kk 7TBMFSJF 7PM "EWBODFTJO 1
"DBEFNJD 1SFTT QQ f DJU POQQ

>1fe[\i +BZ 8 FUBMSFOU 4UBUVT PG UIF Xdf\YX 1PMBSJ[BCI

+PVSOBM PG 11ZTJDBM $IFNJDWSZ # DJU PO QQ

5flcflj\ +VMJFO $fcfeeX 'SBO¥PJT BOE HBXiH 8B OOESRBASU
3BOHF4FQBSBUJPOPGUIF&MFDUSPO &MFDUSPO *OUFSBDU
*O11ZTIJDBM 3FWJ®XKD Q DJU PO Q

8Xij_\¢c "SJEIVMUJTDBMF .PEFMJOH PG #JPMPHJDBM 'VODU

PMFDVMBS .BDIJOFT /PEFOHFXBOEUF $IFNJF *OUFSOBUJP
QQ t ‘jje DJU PO QQ

8Xij_\c "SJFIBOE 3ljj\cc 4UBBWAO/3BUJPOT PG &MFDUSPTUE

JO #IJPMPHJDBM 4ZTUFNT B2 N BOUFSMZJIPWIFEXT PG #JPQI

"V H QQ 1 ‘jje DJU PO QQ


https://www.sciencedirect.com/science/article/pii/S0065327608604165
https://www.sciencedirect.com/science/article/pii/S0065327608604165
https://www.springer.com/gp/book/9783540309963
https://www.springer.com/gp/book/9783540309963
https://doi.org/10.1021/ct300620w
https://doi.org/10.1021/ct300620w
https://doi.org/10.1021/ct300620w
https://doi.org/10.1021/ct9001366
https://doi.org/10.1021/ct9001366
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403924
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403924
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403691
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403691
https://doi.org/10.1021/acs.jctc.6b00385
https://doi.org/10.1021/acs.jctc.6b00385
https://dx.doi.org/10.1016/S0065-3233(03)66002-X
https://dx.doi.org/10.1021/jp910674d
https://link.aps.org/doi/10.1103/PhysRevA.70.062505
https://link.aps.org/doi/10.1103/PhysRevA.70.062505
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403689
https://onlinelibrary.wiley.com/doi/abs/10.1002/anie.201403689
https://www.cambridge.org/core/journals/quarterly-reviews-of-biophysics/article/abs/calculations-of-electrostatic-interactions-in-biological-systems-and-in-solutions/44186947919D48E7ED4AD63B27AA2676
https://www.cambridge.org/core/journals/quarterly-reviews-of-biophysics/article/abs/calculations-of-electrostatic-interactions-in-biological-systems-and-in-solutions/44186947919D48E7ED4AD63B27AA2676

eVl £

GEPEFPIPMRIEVWGEPMRK QIXLSH J
TSPEVMWEFPIQSPIGYPEVHJREQMGV
QYPXMTSPIQIXLSH

'm X 1SPCMFNTUBUFNFOU
'm XV 'BTUNVMUJQPMF NFUIPE
m X W OCKFDUJWFT
‘'mY 'PSNVMBT GPS TQIFSJDBM IBSNPOJDT
'mY V -\"\e[i\QPMZOPNJBMT
‘'mY W 4QIFSIJDBM IBSNPOJDT
'm Z (FOFSBMJTBUJPO PG UIFGBTU NVMUJQPMF NFUIPE
'm ZV *OOFSBOEPVUFS GVODUJPOT
‘'m Zeb PQFSBUPS
m Z&XePQFSBUPS
'm Ze&YfePQFSBUPS
'm [ 4PGUXBSFJIJNQMFNFOUBUJPO GPS Xdf\YX
'm [V *OUFHSBUJPO GPS QPMBSJTBCMF DMBTTJDBM NPMFDV
m [ W %FBMJOH XJUI TDBMJOHT JO UIF GBTU NVMUJQPMF NFU

F
\ V $BMJCSBUJPO

\ W 1FSGPSNBODF SFTVMUT

\ X &0OFSHZ DPOTFSWBUJPO

\' Y 4PMWBUFE NPMFDVMBS TZTUFNT
FGFSFODFT



$IBQUFS "k -JOFBS TDBMJOH NFUIPE GPS QPMBSJTBCMF NPMFDVME

1 -1% 2

SFUL((B)" )0 e ko y s g0
ETM fgledg “dg”

* $1$  *G2 ¢ “
*G2 - EgZd
$.%/.
“ $FOUSF “ei X #fi[\Xlo #fi[\Xlo UXP EBZT /PW XJIUI #¢
#iXdX] BOE 1JFSSF #cXeZ_ Xi|
“ink_"XZ \e 60JWFSTJUZ "XZ \e UFOEBZT .BZ XJUI #FO

BOE 1BPMP (Xkkf

+ -
<JO > -"e[”i\e &SJID #ZFU*BMWFHSBM &RVBUJPO "QQSPBDI UP $E
USPTUBUJD *OUFSBDUJPOT JO .B O Z GFFEVZSWBMWIFG § BNQ ¥ UBWAR
11ZTJDTODU QQ t “ije

¥rtoxo ¥ P 1JFSSF #cXeZ_Xi[ * #8SFOHFS #iXdXj “ -PVJIT -X2AXi[>i
KBNJO 4kXdd

MZEE -* "' (.11 ()l

*OUIJT DIBQUFS XFQSFTFOUBIJHI QFSGPSNBODF MJOFBS TDBM
QPMBSJTBCMF NPMFDVMBS EZOBNJDT JO EJSFDUTQBDF 5IF NFUI
UIEE WMPHNFUIPET UIBU VTF &nXc[ET TVNNBUJPO RISPT XG BFD BO! Bl
JT EVF UP UIFVTF PG GBTU 'fli'\i USBOTGPSN 5IF NFUIPE JT CBTF
TQIFSIDBM IBSNPOJDT LFSOFM PG UIF GBTU NVMUJQPMF NFUIPE GP
EJTUSJCVUJPO PG QBSUJDMFT 8F QSPWJEF B GSBNFXPSL GPS GPSE
RVBESVQPMFT XJUIFYQMJDJUPSJIJNQMJIJDJU TPMWFOU 8F EJTDVT’
PVS NFUIPE XIJDIBSFVOEFSMJOFE CZ NPMFDVMBS EZOBNJDT TINV
"CSJFGJOUSPEVDUJPOUPUIF Xdf\'YX GPSDF SFBRIGHERTFERFF HIWFO .
NFUIPEJO 4FDBEBXOMM SSTU QSPWJEF B TVNNBSZ PG UIF GBTU NVM
UIF GPSNVM=a OFFEFE UP HFOFSBMJTF UIF NFUIPE GPS UIF Xdf\YX GP ¢
XJMM CFUIFCVIMEJOH CMPDLT PG UIFEFWEMPQNFOUT QSFTFOUFE
8F SFGFS UP UIF XPSIPBG'fkS® N XI1IJDI XF GPMMPX UIF OPUBUJPO
EFTDSIJQUJPO PG UIFGBTUNVMUJQPMF NFUIPE NFUIPE 'PS B OJDF H
XFSFGFSUIFSFBEFSUP UAF SSBIVUUSASBPGBOPUIFS GBTUNVMUJIQPMF
3

MZBEE/ (0'/$+*' ( [#*

5|F GBTUNVMUJQPMPNAWBMEOFBS TDBMJOH NFUIPE UIBU HIWFT UI|
QSFDJTIPOPEEZ QSPCMFNT JO QBSUJDVMBS GP SHLASOIFFWFBBDIUBIP |
FMFDUSPTUBUJD JOUFSBDUJPO UIBUJT DPOTJEFSFE IFSF


https://www.sciencedirect.com/science/article/pii/S0021999118303930
https://www.sciencedirect.com/science/article/pii/S0021999118303930

"k V ISPCMFNTUBUFNFO

5Z2QJDBMMZ UIFQSPCMFNTFUUJOH DPOTJEFSHEIOTUW BGPMM RXIDMBH F
BWBOE PG DIBXHFHIJWFO 5IFO POF XPVME MJLF UP FWBM/BUF UIF F
DSFBUFE CZ UIPTF DIBSHFT BOE PQUJPOBMMZ BMTP UIF FMFDUSJD
JOUFSBDUJPO FOFSHZ "MM UIFTF RVBOUJUJFTDBO CFDPNQVUFE VT.
BOQQSPYIJNBUF NBOOFSW®IBXJTD BMRBEMIJUBPOBM @B SMUPFHDEBAMBJOH MJL
DSFBUJOHTPNFJOJUJBM EBUB TUSVDUVSFUIBUJT HPPXFWFXEFGBEO OF
JO QSBDUJDF

5/1F DBTF XFBSFJOUFSFTUFE JO XIFSF XFIBWF QPJOU NVMUJQPMI
EFTDSJCF UIF FMFDUSPTUBUJD DIBSHFT HPFT CFZPOE UIF DMBTTJI
NFUIPE 8F BSF MPPLJOH UP DPNQVUF UIF TBNF QIZTJDBM RVBOUJL
EFOTJUJFTHFOFSBUFECZ QPJOU NVMUJQPMFT VTFE JO UIF EFTDSJQ

*OUIJTDBTF UIFJOQVU PG UIFNFUIPE XIMMEBOEBIEA BUTPREDOB D MIE E
HFOFSJD NVMUJQPMEPRFCRUPSBSIRN

"ba. b - po/Q, . pO/Q, \V

XIFSFUIF RVB@JIBRFRIBTF.NVMUJQPMFT UIBU DIBSBDUFSJTF UIF OVDMFJ
BOE UIF EJRFSF O U B BISFFQUFI$BHUSPESRT) F ORJOEPSIF )FTTGB O GREBT
GSBNFXPSLDPWFSTUIFTUBUJD QPJOU NVM BODEPWMFT QEV¥DFE QFPE OQ
EJQPMFAR XJUI. °, . p,° A&

MZBE& /$1

8F XJTIUP DPNQVUF UIF QPUFOUJBM BOE TPNF BTTPDJBUFE RVBOUJUJ
BEJTUSJCVUJPO PG QBSUJDMFTJO UISFFEJNFOTJPOT VTJOH UIF GBT

SIFQBSUJDMFT BSFDIBSBDUFSJTFECZ QPJOU NVMUJQPMFT JOTUI
GPS XI1JDI UIF GBTU NVMUJQPMF NFUIPE JT VTVBMQB S8QIDMIFEB 3 1B
QPTIUHREN, XFBTTPDIJBUF B NVMU-JRPIBFEEPCQFSBUPS

\
b < Lap % W
as

'PS UIF Xdf\YX GPSDF SFME XFBSFPOMZJOUFSFTUFE JOINBMUJQPMF
JT DIBSHFT EJQPMFT BOE RVBESVQPMFT
'PS BEBZ3 XFUIFOIBWFBDIBSHFEFOTJUZ EVF UP QPJOU NVMUJQPMF

'wH &f.. HgH X

XIFSRITUIF % iXZGVODUJPO 5I1JTHFOFSBMJGETHLHQPJOU DIBSHF E
'PS BMB UIFFMFDUSPTUBUJD QPUFOUJBM PCUBIDBEGSPN UIF QP J(

¥ a_.' [ N
R AT RA Y
8F DBO SFXSJUF UIJT QW BFO/TJIBM BRPFBIQEOTIPO JO TQIFSIJDBM IBSH
Tnpy T

Yo H < <
i$ as-i

XIFSIKgW TUIFIJHIFTUPSEFSPGUIFQPJOUNVMUJQPMF XFD@®#OTJEFS BC
BSFEFSOFE CFMPX

v A ° WH .L\,ﬁ



$IBQUFS "k -JOFBS TDBMJOH NFUIPE GPS QPMBSJTBCMF NPMFDVME

8F XBOU UP OVNFSJDBMMZ FWBMVBYUF QPR QB WUNWMWIBENM M¥FHF UP

< YpH \[
ObPOw

JOB MBSHF OVNCHBOPETQRYMBIUJPO CPY BT XFMM BT UIF FOFSHZ P(

at - <« il - <  -phA——A A\
0bIROW opigow IR
b/R bIR

BOEUIF GPSDFTFYFSUF®@CZ UIF QBSUJDMFT

‘s H aJ%Miu VpH% ]
ObPOw

GP® " ° BOHBH 3

MZeF *-(0'" .!*- . +# -$ '"# -(*)$

5PCFBCMFUPVTFUIFNPMFDVMBS NFDIBOJDT GPS UIF Xdf\YX GPS
EFSOJUJPOTBOE QSPQFSUJFT SFHBSEJOH -\"\e[iI\QPMZOPNJBMT B

MZBFEKIRHVI +*"4)*($ '.

%FOOJUJPO-\h\e[@ QPMZOPNJBMWCF B OBUVSBM OVNCFSi BF EFSOF
-\Me[i\QPMZOPNJBM " VTJOH 3f[i "\JE WRERWEBFREIPMIFOPNIBM BTT
UP UIF GVODUJPO g

3cN _TN a_TE\] NJ ! TV

%FOOJUJPO"MTPDUBUFE -\"\e[i\QPMZORNJIBBMOECV 2 UIFO UIF
BTTPDJBUFE -\"\e[i\QPMZOPBIOEN BEHERHBERFP MZOPNJIBM EFSOFE
BTTPDIJBUFE QPMZOPNJBM GVODUJPO

3cN -2 N 2 ja jNa"m-fN W

8F XJMM BMTP OFFEUIF GPMMPXJOH SFMBUJPO GPS UIFDPNQVU!
NPOJDT

1SPQPTJUJPO [HF0 '@ BOECV SUIFO XF IBWF UIF JEFOUJUZ

TDP% 2-DP% j 1T C&- DP% jG i
_E a TJ% “
ot DO 7D P %o 2- D P% J@ X
T T0% !

"[d kk\[ giff] 51JTJTBDMBTTJIDBPW SEIRMEUYBRR MF m



"k W 'PSNVMBT GPS TQIFSJDBM IB?

MZEBF€# -$ '"# -(*)$

SIFSFBSFTFWFSBM XBZTUPEFSOFUIFTQIFSIDBMIBSNPOJDT FJUIFS &
OPSNBMJTBUJPO GBDUPST

*OQSBDUJDF UIFDPOWFOUJPO NBZCFJIJNQPTFECZ UIFUPPMT UIBU
EQZd TPGUKBISEB8MPOH XJUIUIMJICSBMEE ¢ JUJT NPSF OBUVSBM GP¢
MBUUFS UP VTF BDPOWFOUJPO XJUI SFBM TQIFSJDBM IBSNPOJDT XIJM
GPSUIFDPNQMFY TQIFSJDBM IB'SNPXIWITU IFPXRIPAWWQXNEFP SDF SFME IPXFWF
VTFPOMZ SFBMTQIFSIJIDBM IBSNPOJDT XJUIUIFTVQQMFNFOUBSZ TUFC
UP TQIFSJDBM IBSNPOJDT )FODF JOUIF GPMMPXJOH XF XJMM QSFTF

1$)$/$*).

%FOOJUJPOSPMNQMFY TQIFSJDBM I-BFWUNPOJIDT ‘:c8 UIFBO GPS
FBOI'/ BOECV 31

. . TjVCV,
62 % — 2 3 ﬁ\-ﬁ)a)DP%FYQC— Ty

%FOOJUJPO3MBMUIQIFSIDBMIBSNMOIDT 8 ‘:c8UIFD GPS/BMM
BOECV 3 XF IBWF

X _ —
R VCV)a
joarm L TIJVC\—/T)a)DP%TJGCV—JG

6% —i 1 )oppg JG "z
.- 1] VCV,
e ' ;JVC\-/T)"")DP%DPWCV—JG

SRS I$*). 12 Y- ) A(+ 3. 4+# =% # -(*)$ .
5P DPOWFSU CFUXFFO SFBM BOE DPNQMFY TQIFSJDBM IBSNPOJDT XF

1SPQPTJUJPHANQMFY UP SFBM TQIFSJDBM IBSNPPSBDUSBOTGPSNBU
BOECV 3 XF IBWF XU+ "8 ‘:c8 ‘8

K 7 .
| 3F6% % —JG BOE

6M% —F 162 % — JG BOE o

Lr —— *N6? % —JG BOE

*O QBSUJDVMIB'S XH BBBVIFZ

6, % — : DP% 3 A



$IBQUFS "k -JOFBS TDBMJOH NFUIPE GPS QPMBSJTBCMF NPMFDVME

1iff] 5IF SFTVMUJT JNNFEJBUF VTJOH UIF EFSOJUJPOT PODF XF OF

j *N6;2 % —*N62 %o — ]

1SPQPTJUJPO3FBWM UP $PNQMFY TQIFSJDBM IBSNfPOR®T USBOT
BOZ / BOECV 3 XF IBWF XU+ 8 ‘:c8 ‘8

K o A
— —— 6 ®® JG
r
68 % —¥ T‘ 6M % — JG oA
— T—efnj %M JG

*O QBSUJDVNI BSBOEEBNMM IBWF

6:2 % —63 %o — VAV

1iff] 5IF SFTVMUJTJNNFEJBUF VTJOH EFSOJUJPOT
SPIBWFBDMPTFE GPSNVMB GPS UIFDPFUDJFOUT XF XJMM VTF Ul

-FNNB[h T @R0U / 5IFO JG
<« 8G62 % —3° VYV
ya)oi

XFIBWF UIFJEFOUJUZ

8Q2 8d: VW
1iff] -FU /
< 862 % —3H <« 8G: 6% % —< 8F6% % —
ya)oi ya)oi ya)oi
H <« 8362 % — < 8F6% % — v X
)a)ori ya)ot
H < 8QG%6% % —<« 862 % —
)a)ofi ya)ot

F UIVT IBWF UIFJEFOUJUZBTUIFTQIFSIJDBM IBSNPOJDTBSF MJOF

'JOBMMZ XFIBWF UIF EFTIJSFE QSPQFSUZ

1SPQPTJUJPO [#FBUTYNF UIBU UIF DPFUDJFOUT PG UIF DPNQMFY °
JDSI#:BSF HIWFQ GPB@®EIGN 2 5IFO UIF DPFUDJFOUT PG UIF SFBM



"k X (FOFSBMJTBUJPO PG UIF GBTU NVMU

IBSNPCOOIDBSF

X ‘ )
of ¥ ——sd: JG VY
u ; *NBG: JG

1iff] #Z FYQBOEJOH UIF EFWFMPQNFOU JO DPNQMFY TQIFSJDBM IBSN

|
3c< 8G6% % — ;80% —< 8FB6E %o — B % —
ya)ot as
|
80,6, % —< BF62 % —8F62 % A- CZ-FNm YBOE 1SPQY X
as
|
% — < 3F8G6 % —
as

1
806, %o — < 3BF:3F6% % —*NBF:*N62 %o —
as

8 0,6,

- i
80;: ——— 6M% —r I—E 3BEBM % — <j *NBQ26M %o %
$ as-i

'JOBMMZ VTJOH UIFJEFOUJUZ
j*N8Q% j *N8G: *NB(: T VzZ
XF DBO JEFOUJGZ UIF DPFUDJFOUT GSPN UIF FRVBMJUZ

< 8G6% % — < OPEM % — V]
)a)oi ya)oi

XIIJDIHIWFT VT UIF EFTJSFE SFTVMU

MZEG ) - '$. [$*)*1/# | [ (0'/$+*" ( [#*

SFEFTDSJCFUIFDIBOHFT XJUISFTQFDUUPBOJNQMFNFOUBUJPO PG UI
VTFT QPJOU DIBSHFT XJUIB TP DBMMFE ™ | F 8 JFGBAMIIIESNPROOW F Q. B $OC
BSFVTFE UIFOUIF SFTVMUT NVTU CF BEBQUFE IPXFWFS UIF VOEFS
SFNBJOT

OOF PG UIFNBJOJEFBT PG UIFGBTU NVMUJQPMF NFUIPEJT UP BQQSPF
XFMM TFQBSBUFE QBSUJDMFT DPMMFDUJWFMZ CZ NFBOT PG TP DBN
51JT SFRVJSFT UIF JOUSPEVDUJPO PG CPYFT BOE BMM DIBSHFT SFT.
POF NVMUJQPMF EFWFMPQNFOU MPDBUFE BU UIFDFOUSF PG UIF CPY
QPUFOUJBM BT UIFTFUPGDIBSHFT GPS QPJOUT TVUDJFOUMZ GBS BXBZ
SIJT QSPDFEVSFJT LOPXO BT UIFQBSUJDMF UP NPNFOU PQFSBUPS
*GUIF QPJOU DIBSHFT BSF OPX SEQMBD R \CIZ DBNMBUJQ MM FIP NP NF
POQFSBUPS TIPVME CF SFQMBDFE CZB TP DBMMFE NPNFOU UP NPNFOL



$IBQUFS "k -JOFBS TDBMJOH NFUIPE GPS QPMBSJTBCMF NPMFDVME

EFWFMPQNFOUJOUIFDFOUSFPGFBDICPYDSFBUJOHUIFTBNF QPUF
HIWFO NVMUJQPMFT SFTJEJOHJO UIF CPY 4JODFUIJT NVMUJQPMF
TVUDJFOUMZ GBS BXBZ GSPN FBDICPY UIFJOUFSBDUJPO PG DMP"
OFBS SFME BSFUBLFO FYBDUMZ JOUP BDDPVOU CZFWBNMVBUJOH |
GBDU UIBU POF EFBMT XJUI NVMUJQPMFT JOTUFBE PG QPJOU DIBSES
CZBEBQUJOHUIF GPSNVMB 5IFTFDPNQVUBUJPOTBSFDPMMFDUF
PQFSBUPS 51JTJTUIF TFDPOEPQFSBUPS JOUIF GBTU NVMUJQPMF N
BEBQUFE UP PVS QVSQPTF

'‘JOBMMZ XF IBWF UP FWBMVBUF BU FBDI TJUF UIF RVBOUJUJFT
JOUSPEVDFE BCPWF QPUFOUJBM SFME FUD EVF UP CPYFT JO 1
MPDBM UP QBSUJDMF PQFSBUPS 5IBUJT XFIBWF UP DPNQVUF UIF |
PGUIF GBS SFMEQPUFOUJBM BUUIPTF TIJUFT

"MMUIF PUIFS PQFSBUPST NPNFOU UP NPNFOU NPNFOU UP MPDE
BOEUIFSFTUPG UIFBMHPSJUIN SFENBJOTUIFTBNF S51JTBMTP IJNQM.
PG UIFNFUIPETUBZT UIF TBNF BT UIF NPEJSDBUJPOTIBWF POMZ M
5P TVNVQ UPHFOFSBMJTF UIF GBTUNVMUJQPMF NFUIPE UP DPOT.
UIFDPNQVUBUJPOT PG UIFPQFSBUPST

QBSUJDMF UP NPNFOU UPUBLFJOUP BDDPVOU UIF NVMUJQPM

*MPDBM UP QBSUJDMF UP DPNQVUF UIF QPUFOUJBM BOE GPSDFT
QPJOU NVMUJQPMFT

7 QBSUJDMF UP QBSUJDMF UP DPNQVUF TIPSU SBOHF JOUFSBD

MZEG) - ) *0/ -10) /$+).

5P MJHIUFO OPUBUJPO XFJOUSPEVDF UIFPVUFSBOEJOOFS GVODI

SIFPVUFS GVODUJPOT FOBCMF VT UP XSJUF UIF QPUFOUJBM EVF |
QPJOUTJOTIEFJU XIIMFUIFJOOFS GVODUJPOT MFUVTFYQSFTT LU
TQIFSFUP QPJOUT PVUTJEF JU

%FOOJUJPO [hRWG/ FVCV BIOE % —3 ¢c8 ‘:c8 B8&OPJOUJIOTQBDF
UIFO XFEFSOF UIFPVUFS GVODUJPO BT

2)a) 1 A
% ——a 'TJVC\-/T)“DP%FYQC— oy

BOEUIFJOOFS GVODUJPO BT

Ha) i

& % — aTW\-ﬁ)é’DP%FYQC— W

MZBG& *+ - /*-

5P HFOFSBMJTF UIFQBSUJDMF UP NPNFOU PQFSBUPS UP NVMUJQPN
UIFQPUFOUJBM JOBCBTJT PG TQIFSIJIDBM IBSNPOJDT JUJT TVUDJF(C
LIJOE PG DPNQVUBUJPOT EPOF CZUIF NPNFOU UP NPNFOU SPVUJOF
*OEFFE XFDBO SFXSJUFUIF SFBMTQIFSJDBM IBSNPOJDT VTJOH
DPFUDJEP®UT)2)0dO0 UIFJEFOUJUZ
INBY | i D . l
<« <« 8gl A e X

F N -
1$ a$-1 Vit RV Vv RV 1$ as-i




"k X (FOFSBMJTBUJPO PG UIF GBTU NVMU

XIFSEJT UIF QPJOU BU XIJDI XF XBOU UP HFU UIRNVMIFIQPMRSI EG W EM

UIFQBSUJDM%8BOFF UIF TQIFSJDBM DPPSERIORBBUFT PG UIF QPJOU
JFODF XFVTFUIFDPFUDJFOUT

; j?%8 08

* -a
|

. j2eB8 gt
UIBU 3F : Y
T VCV TjvcVv T VCV TjvcVv

MZB®F *+ - [*-

8F XBOU UIF MPDBM UP QBSUJDMF PQFSBUPS UP CFBCMF UP HIWF VT Q
“UIFQPUFOUJBM “UIFHSBEJFOUPGUIFQPUFOUJBM UP DPNQVUF UIF
PGUIFQPUFOUJBM GPS UIFFOFSHZ PG UIFRVBESVQPMFT *UIF UIJS
QPUFOUJBM GPS UIF GPSDFTVQUP RVBESVQPMFT

1SPQPTIJUIJPOPFDBMEFWFMPQNFOU RG {FIlE)?QHMéEmFJlBI\E DPFG
SDJFOUT PG UIF MPDBM EFWFNMB GNFOU DFOUSFE BSPVOE
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1SPQPTJUJP@HBDROE PSEFS QBSUJBM TQIFSJDBM EFSUWBM JWFT
XJUIUIFTBNF OPUBUJPO XF IBWF
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5/[F DBMDVMBUJPO JT TUSBJHIUGPSXBSE BT JUOTB\EJSFDU E

5IFUIJSE PSEFS QBSUJBM TQIFSJDBM EFSIWBUJWFT PG UIF QPUF(

XBSEUPDPNQVUF 8F XJMM PNJUUIF QSPQPTJUJIPO

'PS UIJT UIFF

DPNQBSFE UP UIFDPNQVUBUJPO PG UIF QPUFOUJBM BS&PGEIBIFBSUJI
JOOFS GVODUJPO
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5IlF NPEJSDBUJPOT UIBU IBWFUP CFEPOFBSFWFSZDMPTF UP UIF PO
NFUIPE XJUIUIF EJRFSFODF UIBU UIF DBMDVMBUJPOT IBWF UP CF |
IBSNPOJDT CBTJT BOE OPU XJUI JOOFS GVODUJPOT

*O QSBDUJDF UIF NBJO EJRFSFODFJTUIBUJOTUFBEHWGHBWJIOH UP
GPS B OBUVSBMBORWHKE® EJRFSFOUJBURUIF)FQOBXAPXIMM PNJU UIF
GPSNVMa=

MZéH *G2 - $(+' ( )/ I$*)!*-/# EQSIFE!*- 1$ '

*OUlJT QBSU XFEFTDSJCFJO NPSFEFUBIJMT UIF EFWFMPQFE JNQMFEN
NFUIPE XJUI UIF Xdf\YX GPSDF SFME 8F EJE PUIFSJIJNQMFNFOUBUJPO"
GBTUNVMUJQPMF NFUIPE UP PUIFS QSPCMFNTO J® CRIUIIBYUMB-S GP S
QSFTFOUIFSFJT UIFNPSFHFOFSBM DBTF XF MPPLFE BU
SIFGBTUNVMUJQPMF NFUIPE DPNQVUBUJPO#KBSF PMUPSDOBBIJTFE |
HFOFES8WICSBSZ OVS NPEJSDBUJPOT XFSFJOUSPEVDFE UISPVHIJUT
TINVMBUJPOT XFSF EROF XPMIFDIFMBS NFDIBOJDT JIP®U XB&8WFSZ
DPNQVUBUJPO UIBUJT RVBESBUJD JO UIF OVNCFS PG QBFRSSGIDIN-TT XBT |
UIFDPNQVUBUJPOT

'PS UIF DPNNVOJDBUJPO CFUXFFO UIFTBOKP TPXBEXBSSHBUFE B
JOUFSGBDF UBOE VT*FIE) &E€T DPNQJMFST BCJIJRBYOD BGPIBIMKBPCSHJIH (
GVODUJPO JOUFSGBDF

513 TIJT EPOFUP MINJUUIFDPTUPGBO JODSFBTFEDPNQMFYJUZ JO L
UIFIJINQMFNFOUBUJPO 8F XPVME FYQFDU GBTUFS UIJNJOHT JG BMM UI|
TIOHMF DPEF

*O 5BCMFXF HIWF BO PWFSWJFX PG XIBU XFBSFBCMF UP DPNQVUF VTJ
5P PCUBJO UIF FOGBMETGPBOE UIVT UIF GQPIMFIT RE EFSIWFE UIF FRVBL
CZIBOE 51JTJTTUSBJHIUGPSXBSE BMCFJUUFEJPVT XPSL

5BCMF m V 4UBUVT PG UIFIJNQMFNFOUBUJPO JO
5FSNT 1PUFOUJBM &OFSHZ 'PSDFT

$IBSHFT

%IQPMFT

2VBESVQPMFT 3

(FOFSBM NVMUJQPMFT

'PSBHFOFSBM GSBNFXPSL XF XPVME OFFEB DMPTFE GPSNVMB GPS

UIF EFSIWBUJWFT PG UIF -\"\e[i\QPMZOPNJBMT XJUI SFTQFDU UP
UIFBOHVMBS WBSJBCMF

MZEHE - /$*) 1% - +% -$. * * ..§ (¥ 0 - 4) ($

*OUIJTTFDUJPO XF MPPLBUIPXUPDPOWFSUCFUXFFO $BSUFTJBO BO
UJPO PG NVMUJQPMFT BT UIFGPSNFSEFTDSJQUJPOJT PGUFO VTFE J
8F XJMM OFFE UIF GPMMPXJOH QSPQPTJUJPOT UP DPOWFSU $BSU
IBSNPOJDT S5IF OPUBUJPO GPS UIF NVMUJQPMFT BSF DIBOHFE UP V'
JODIFNJ®BUSZ2," 3 BOE, 3" SFQSFTFOUJOH SFTQFDUJWFMZ UIF DIBS
RVBESVQPMEBOBJMFQSFTFOU SFTQFDUIJWFMZ UIFBEIR%WSFOUJBM PQ
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1SPQPTIJUJPGBEBWF®IBO UP SFBM TQIESIJBBM IBSNPOJDT
b & b b »bEnob m Vv

CFUIFNVMUJQPMBS EFOTJUZ PQFSBWBPS BTTPDJBUFE UP B QPJOI
51lFO UIFDPFUDJFOUT GPS UIJT NVMUJQPMF JO B SFBM TQIFSJIL
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#Z EFOPWBOBUIF BOHMFT HIWFO CZUIF QSPKFDUJPO PB UHF VOJU TQ
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*UJTUIFOTUSBJHIUGPSXBSE UPJEFOUJGZ UIFDPFUDJFQUT
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8F TBX JO $IBQIBRSTPNF JOUFSBDUJPOT IBWFUP CF NPEJSFE GPS UIF Xd
PG UIFNIBWF UP CF TDSFFOFE JOUIFTUBUJD FMFDUSPTUBUJD FOFSH
CFEBNQFECZUIF5_fc\EBNQJOH TDIFNF JOUIF QPMBSJTBUJPO FOFS
UIFTDSFFOJOHBOE EBNQJOHBSF MPDBMJO UIFTFOTFUIBU UIFJOUFS|
UIBUBSFDMPTF UP FBDI PUIFS

- )8 -(

"TUIFJOUFSBDUJPOTUPCF TDBMFE BSF TPNF OFJHICPVST JOUIFT
UIJT NFBOT UIBU XFDBO TUPSFUIFMJTU PG OFJHICPVST JO TPNF BSS
51 JT FOBCMFT VT UP DPNQVUFUIF GVMM OPO TDSFFOFE JOUFSBDUJ
XIJIMF SFNPWJOH UIF RVBOUJUJFTJO FYDFTT EJSFDUMZ JO UIF NPMFDV
UIFFYUFSOBM GBTU NVMUJQPMF NFUIPE MJCSBSZ 4PNFJOUFSBDUJ
BEET TPNF PWFSIFBE UP UIF DPNQVUBUJPOT )PXFWFS BT UIFBSSBZTE
DIBOHFUIFBMHPSJUINJD DPNQMFYJUZ 1SBDUJDBM FYQFSJFODF TIPX"
DPSSFDUJPOTJT OFHMJHJCMF XJUI SFTQFDU UP UIFUJNFTQFOU JO L
ulJTIBT UIFBEWBOUBHF PG NBLJOH UIF GBTU NVMUJQPMF NFUIPE TPG
PG UIFDPNQVUBUJPOT

(+$)" /1 -(.

'PS UIF 5_fc\ EBNQJOH UIF TBNF USJDL DPVME CF VTFE JO QSJODJQI
DPOTJEFSBUJPOT BSF NBEF JU DBO CF EJSFDUMZ JOUFHSBUFE JOL
XJUIPVUDPNNVOJDBUJOH UPQPMPHJIJDBM OFJHICPS MJTUT 4JODF UIF !
NPEJSDBUJPOTBQQFBS POMZJO UIF OFBS SFME POMZ UIF QBSUJDMF
UPCF NPEJSFE BMMUIF GBS SFMEDPNQVUBUJPOT SFNBJOJOH VOUP
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MZeél .0'/.

MZ@&le'$S - /$*)

5lF GBTUNVMUJQPMF NFUIPE IBT UXP EFHSFFT AF® G SFFF ERNF JIB BN
IBSNPOJDT BOE OWMFGRIIHFIPDUSFF S5IFIFIJHIUPG UIF PDUSFFIBT UP CF
UPUIFTIJ[FPGUIFTZTUFN "TUIFSSTUMFWFM FYBDUMZ FODMPTFT
DPOTUBOU UIFOUIFCIJHHFS UIFTZTUFN UIF NPSFQBSUJDMFT XPV
*O DPOTFRVFODF UIFOFBS SFMEJOUFSBDUJPO XPVME TDBMF RV
UPUBM DPTUBGUFS B DFSUBJO OVNCFS PG QBSUJDMFT OOF XBZ U
TZTUFNJT UP VTFUIF GBDU UIBU QBSUJDMFT UFOET OPU UP CF BS
UIFSFGPSF SY UIF FEGR MFFONBMMFTU CPY PG UIF PDUSFF S5IFO Ul
TNBMMFT W dOMDAHASBSU UIF DVCF PGen-EHFAMMBIMOIBMM QBSUJDMFT
UIFJOURBF®BSBNFUFS GPS UdiEYIPSSEFRFFBIQEF PG TINVMBUJPO CPY
'JH M GPS B TDIFNBUJD EFTDSJQUJPO

'JHVSF 4DNFNBUJD EFTDSJQUJPO GPS UIF NJOJNVN CPY TJ[FY 'PS |
VOJU JOPSBOHF XFIBWFBOBTTPDJBUFE EFQUI PG UISFF C
USFF *G XFIBWFUISFFMFWFMT UIFOBMMQBSUJDMFT BSF J
JOCMBDL

SPDIPPTF UIF QBSBNFUFST XFUFTUFE TFWFSBM PG UIFN GPS EJ
FSSPSPOUIFQPUFOUJBM DSFBUFE CZ UIF DIBSHFT XJUI SFTQFDU
OBJWF " CVU FYBDU " EPVCMF MPPQ NFUIPE PG RVBESBUJD DPNQV
BSF SFQPSUFERJ@BBCHEMHATTZTUFNT IBE CFBOEFO QBSUJDMFT XJU
TUFQT P®BSUJDMFT SBOEPNMZ JOTJEFBCPY PG SYFETJ[FBOE UIF
UP TPNF WBMVF 5P MJHIUFO UIF UBCMFT XFPQBUUKEBSRHTUDWUET G
8F OPUF UIBU XF EJEUIF TBNF LIJIOE PG UFTUT GPS NVMUJQPMFT V
XFSF TINJMBS BOEIFODF BSF OPU SFQPSUFE .PSFPWFS BT QPJOU N
DBMJCSBUJPO BOE IBE OP QBSUJDVMBS QIZTJD PN N F@BSIBNMF XF S B L
POMZ GPS QPJOUDIBSHFT BOE WBMJEBUF UIFN GPS UFTU DBTFT P(

5lF QPUFOUJBM XBT FWBMVBUFE BUFWFSZ QBSUJDMFTE QPTJU.
UIFDPNQVUBUJPO XBT GBTUFS PS TMPXFS UIBO XJUI UIF SFGFSFC
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TQIFSIJDBMIBSNPOJDTFYOBNIOBROWNSERPHTUIIFGBTU NVMUJQPMFE NFUIP
JO £OHTUS'NTBOEJUTBTTPDJBUFE IFJHIUcm PG UIFGBTU NVMUJQPMF
DPNQVUBUJPOTUPPL UIFSPPU NFBO TRVBSF PO UIFQPUFOUJBM BOE
UIFQPUFOUJBM

5BCMF " m W 1SFDJTJP®@8BDVYMUB SFHPFT
7 k cm k™ d\ idj dXo

OO0 0000000000000 0000O0
OO0OO0OO0O0000O000O00O00000000O0O0
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5BCMF " m X 1SFDJTIJPOQFEHDOVWMMIBSRET
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5BCMF 'm X DPOUJOVFE

i k cm k'd\ idj dXo
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3FG

5BCMF m Y 1SFDJTJPO QPTOMWDTEFHSFT
i k cm k™ d\ idj dXo
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8F SFNBSLUIBUJOHFOFSBM UIFUIJNFJODSFBTFTBOEUIFFSSPSTE
SIJTIJTDPOTJTUFOU XJUIUIFGBDUUIBUUIFOVNCFSPGJOUFSBDUJP
SIFUJNF BDUVBMMZ EFDSFBTFT CFUXFBO KE T JJ HTBDBROY QWFROYHIM B 1O F
UIFJODSFBTF PG XPSLUIBUIBTUP CF EPOFIBWJOHUPVTFBO PDUSF
PG SWF 5I1JTHMJUDIJT OPUQSFTFOU GPS PUIFSDIBOHF PG EFQUI
XJUIUIFFYQBOTJIJROMEBHAE FSSPS EFDSFBTFT

#BTFEPOUIFBCPWFPCTFSWBUJPOT XFIBWRPEKMFDUFE UIF QBSBN!|
BTUIFZTFFNUP SFQSFTFOUBHPPEUSBEF PRCFUXFFOBDDVSBDZB
QBSBNFUFSTBSF CPUINPSF QSFDJTFBOEGBTUFS UIBO UIF GPSNF:

MZBlé-1*-() - .0'/.

'PS UIF SFNBJOJOH PG UIJTTFDUJPO PO UIFBOBMZTJT PG UIF TDB
TIOHMF UJNF TUFQ PG B NPMFDVMBS EZOBNJD TINVMBUJPO PO IP
TI[FT 5IF Xdf\YX GPSDF SFME XBT VTFE GPS UIF QBSBNFUFSJTBUJP
QPMFT $PNQVUBUJPOT XFSF EPOF XJUIBOE XJUIPVUUIFJODMVTJI
QPMBSJTBUJPOJT BDUIJWF XFVTFE B DPOWRSISFODEVBBSBNFUFS P
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$) -. '$)"

8F SSTUBOBMZTFUIFTDBMJOH PG UIFDPNQVUBUJPOBM UJNF XIFO U
BSYFEOVNCF®PSFT *OnJMF SFQPSU UIF UPUBM FYFDVUJPO UJNF C
POF UJNF TUFQ PG Xdf\YX QPMBSJTBCMF NPMFDVMBS EZQIBINJDT VTJC
BT XFMM UIF BWFSBHF UJNF UP SVOB TIOHMF DBMM UP UIF GI
8F PCTFSWF UIBU UIF TDBMJOH JT JOEFFE MJOFBS BT FYQFDUFE BT
5/F DPNQVUBUJPOT VTJOHUIF@QBSBSFUWEITUFS UIBO XIR®1JT JO
BDDPSEBODF XJUIUIFPCTFSWBUJPO PG UIFDBMJCSBUJPO SFTVMUT

S5IJNF T
5JNF T

B 5PUBM FYFDVUJPO GBSFPPGE C "WFSBHF UIJNFQFS GBTUNVMUJQPM
UJNF TUFQ DBMM

'JHVSF 5SdNWOHT GPS POF UJNF TUFQ PG Xdf\YX QPMBSJTBCMF NPMFL
TI[FTPGIPNPHFOFPVT XBUFS CPYFT

& ) I-*)". " $'$/4

*OUIJTTFDUJPO XFMPPLBUTUSPOHBOE XFBLTDBMBCJMJUZ SFTVN
FYQBOTJPBOE B NJOJNVNCPY TJ[F PG

[-*)" . ' $'$FD 'JHN XF BOBMZTF UIF TUSPOH TDBMBCJIJMJUZ PG UIF |
UIFDPNQVUBUJPOBM UJNF XIFO XF JODSFBTF UIF OVNCFS PG QSPDF
QBSBNFUFST

'JSTU XFOPUFUIBUUIFTDBMJOHJT SPVHIMZ UIF TBNF XIFUIFSPS O
CFTFFOJON'JEPS B XBUFS CPY PG BBWPRNE "TJUJT TIHOJSDBOUMZ GE
DPNQVUBUJPOT XJUIPVUQPMBSJTBUJPO UIFSFNBJOJOHDPNQBSJTPO
JU BOEDPNQVUBUJPOTTIPVME CFBTTVNFEUP VTF UIF Xdf\YX GPSDF
SPIBWFBCBTFMJOF GPS UIF TDBMBCJIJMJUZ XF IBWF BMTP SFQPSU
BMHPSJUIN XJUI QPMBSJTBUJPO 3(INRMFNOWIFBEIOTINIMBS

*O 'JHn XXF DPNQBSF UIFTQFFEVQ GPS UISFF EJRFSFOU XBUFS CP)
BOE c BUPNT 8F DBOPCTFSWF UIBUUIF TDBMBCJIMJUZ JT CFUUFS
XFVTFE 51JTDBOCFFYQMBJOFECZ UIF GBDU UIBU UIF XPSL UP CF EP
IPNPHFOFPVT )PXFWFS XFBSF GBS GSPNPQUJNBM TDBMJOH XIJDIELC
PG IPNPHFOFJUZ JOUIFEJTUSJCVUIJPO PG QBSUJDMFT GPS FBDI QST
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4QFFEVQ
4QFFEVQ

1SPDFTTPST 1SPDFTTPST

B $PNQBSJTPO PG UIF TDBMJOH XJOBBOBM UJNF TQFFEVQ GPS POF UJN
XJUIPVU QPMBSJTBUJPO GPS B TZTBFNEPIBIOIJNVN GBTU NVMUJQPMF NI

BUPNT TJ[F

'JHVSF 40 XPOH TDBMBCJMJUZ SFTVMUT XJUI XBUFS CPYFBIFG EJRF
EBTIFEDVSWF SFQSFTFOUT PQUJNBM TDBMJOH

BUUBDIFEUP QBSUJDMFTBUUIFCPSEFS PG UIFTZTUFN *UDBO BN
UIFINQMFNFOUBUJPO BT XF SFDSFBUF UIF EBIUPE BUSWDRIS/ZSEFXI1J

UIJNF TUFQ

5JNF T

© c ©
"UPNT

'JHVSF 8fBL TDBMBCJMJUZ XJUIPVU QPMBSJTBUJPO GPS EJRFSFC
BOENJMMJPO BUPNT

c ‘

&. ' $'$/400BMMZ HJOXBRSIJQMF UIF OVNCFS PG QSPDFTTPST BT XF
OVNCFS PG BUPNTJOUIFCPY TUBSUJOH XJUI FIHIU QSPDFTTPST 5
MJOFBS JODSFBTFJO UIFDPTU PG EPJOH UIF NPMFDVMBS EZOBNJD!
CZKPJOUMZ IJODSFBTJOH UIF OVNCFS PG QSPDFTTPST 8F OPUF UII
XBUFS CPYFT XIJDI XFSFPOMZBQQSPYIJNBUFMZ JODSFBTJOH CZ NV
UIFHMJUDI GPS UIFTFDPOE QPJOU )PXFWFS XFBSFDPOSEFOUPG
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USFOEGPS TZTUFNT UIBUIBEBUPNT WBSZJOHCZPSEFST PG NBHOJU'

MZBI§ -"4 *). -1 /$*)

5P WBMJEBUF UIF DIPIJDF PG QBSBNFUFST X&ZPIBSWRRBEFCINDZAM P O BP®V O
NPMFDVMBS EZOBNJDT XF MPPLBU UIFDPOTFSWBUJPO PG FOFSHZ Gl

"TXFMPPLBUFOFSHZDPOTFSWBUJPO XF XJMMVTF OPUJPOTPGTIPS
ESIJGUGPS UIFFOFSHZ 51F GPSNFSJT DPNQVUFE CZBWFSBHJOH UIF
TVDUVBUJPOGFWBBZFDPOET XIJMFUIF MBUUFSJT CZ MPPLJOH BU L
UIBU SUUIF FOFSHJFT XJUISFTQFDU UP UIF UIJNFJO QJDPTFDPOET %
XBT STUBCIMMUINHEBOPOJDBM FOTFNCMF NPMFDVMBS EZOBNJDT XF I
SSTUUJIJNF TUFQT UP QSFWFOU BDDPVOUJOH GPS OBUVSBM TVDUVE
XIFOUIJTJTUIFDBTF

5IF SFBEFS TIPVME CF BXBSF UIBU GPS SHVSFT UIBU XF XJMM QSFTF
DPNQBSBCMF UP POF BOPUIFS *OEFFE TPNFDPNQVUBUJPOT IBWF EJ
DBOCFTQPUUFECZUIFTIJGUJO FOFSHZPO UIFPSEJOBUF PSUIF EJ

$#4 -*¥1x [ - 0/ . +-*$)

*O'JHM BOEN XF SFQPSU SFTVMUT GPS UIF EJIZESPBE®CNMBUFEBFEVDUB
IBT BUPNT 8FVTFEUIFDPOSHVSBUJPRIBWBANMBCMEBOFE CZIFBUJO!
UP LFMWJOTVTIJOHUIF #\iejk\"'e UIFSNPTUBU XJUIUIGIDWIMXEOEX GP S
51 JTNPMFDVMF XBTVTFEBTJUJT TNBMM FOPVHIUP CFBGAWBDB DPNQB
DPNQVUBUJPOT VTJOH UIF EPVCMF MPPQ NFUIPE

5P POMZ BDDPVOU GPS UIFBQQSPYJIJNBUJPOTEVFUPUIFVTF PG UIF (

NPMFDVMBS EZOBNJDT PG BDPVQMF PG IVNPEGFERDIPH BDRPHTUK QU |
XJUIPVU QPMBSJTBUJPO 8JUIUIF EPVCMF MPPQ NFUIPE XIJDIJT Ol
CZBSPVOE - LDB\WMPS BQJDPTFDPOET NPMFDVMBS EZOBNJDT 8F U
DIBSHFT POMZBOE NVMUJQPMFT VQ UP RVBESVQPMFT 5IF SFTVMUT >
SFQPSUFE JO SHVBBGEBSF TINJMBS JO CPUIDBTFT

/IP FOFSHZ ESJGU JT SFBMMZ OPUJDFBCMF PO UIF SHWOI-BSHS QBSE
TINJMBS BMUIPVHI B CJU IJHIFS UIBO UIF SFGFSFODF VTJOH UIF EP
UFSIT BESJGUJT QSFTFOU CVU SFBTPOBCMF JO WIJFX PG Ul
EZOBNJDT 8F OPUJDF UIBUDPNQBSFE UP UIF D BMJIGSBRISIROSSEB SBINT F
FUFST OPXTFFNUP HIWF UIF NPSF BDDVSBUF SFTVMUT XIJDI DBO CF
XIJDIUIFJOUFSBDUJPOT BSF FYBDUMZ DPNQVUFE 8F EP OPU SFQPSU
MBUUFS QBSBNFUFST TUJMM HIWF UIF GBTUFTU UJNJOHT

*O 'JHn [XF SBOUIFTINVMBUJPO POUIFTBNF NPMFDVMF CVU XJUI Q
DBOPOJDBM NPMFDVMB@IBDAOBFERNPMEGPSIF UINF TUFQ TGRNIURPD FROT FO BT
POEBOEBEFNUPTFDPOE GPS UIFDBOPOJDBM BOE NJDSP DBOPOJDBM F(
S8FVTFEBDPOTFSWBUJWF DPOWFSHFODF QB 8B NFSHVSFEPE BIP MBRSIH B E.
EVFUPUIBU QBSBNFUFS 8F EP OPUPCTFSWFBO FOFSHZ ESJGU JO FJUI
BSF NPSFJIJNQPSUBOU "CVU FYQFDUFE " XJUIUIF MBSHFS UJNF TUFQ

8F BMTP SFQPSUnJWIBBSGFMFMUT GPS UIF TIPSU UFSN TVDUVBUJPOT
XI1JDIDPOSSNUIFTFPCTFSWBUJPOT 8F OPUF UIBUUIF TINVMBUJPO |
ulBO UIF POF JO UIF SHVSF *UJT CFDBVTF XF POMZ TIPX TINVMBU.
UIJNF TUFQT JO FBDI QBOFM
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5PUBM FOFSHZDBW M
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The Kohn{Sham method uses a single model system, and corrects 1 by

a density functional the exact user friendly expression of which is not

known and is replaced by an approximated, usable, model. We propose to
use instead more than one model system, and use a greedy extrapaition

method to correct the results of the model systems. Evidently, t here is a
higher price to pay for it. However, there are also gains: within th e same
paradigm, e.g., excited states and physical properties can be dtained.

1. Introduction
1.1. Motivation

Density functional theory (DFT) has a weak point: its approximations
(DFASs). First, the Hohenberg{Kohn theorem tells us that there is a density
functional for electronic systems,F[ ], that is universal (that is, indepen-

1
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dent of the potential of the nuclei), but does not give us a hint on how
systematic approximations can be constructed. In practice, modelare pro-
duced to be fast in computations, typically by transferring properties from
other systems, like the uniform electron gas. Second, the most sucesful
approximations are using the Kohn{Sham method (introducing a fermionic
wave function) that decomposesF [ ] into the kinetic energy, the Hartree
energy and an exchange-correlation energy contribution although the ques-
tion of how and what part of F[ ] should be approximated is, in principle,
open.

In the present contribution we totally change the paradigm in the fol-
lowing way still led by the issue of universality. Let us start with a physical
consideration. When electrons are close, the Coulomb repulsion is streng
that some of its features dominate over the e ect of the external poten-
tial. This is also re ected mathematically in the short-range behavior of
the wave function, as present in the Kato cusp condition [12; 3;4], and in
higher-order terms [5 6]. We further note that approximating numerically
the short-range part of the wave function needs special care, due to th
singularity of the Coulomb interaction when the electrons are close.

The considerations above and the independence of the interaction be-
tween electrons from that between them and the external potential povides
a basis for constructing approximations. Thus, we propose to solve aceu
rately a Schmdinger equation with a Hamiltonian that is modi ed to eli m-
inate the short-range part of the interaction between the electrons wich is
one of the di cult parts in the numerical simulations. The way to do i t is
not unique, and we try to turn this to our advantage: we use several modis,
and from them we try to extrapolate to the physical system [7]. In other
words, we follow an \adiabatic connection” (see [8]), without ever constuct-
ing a density functional. This new paradigm thus explores the possillity
to replace the use of DFAs by mathematically controlled approximations:
we make density functional theory \without density functionals."

Our approach has introduced an additional di culty nonexistent in the
Kohn{Sham method: the long-range part of the interaction has to be treated
accurately, and not only its electrostatic component. One may ask whethr
this additional e ort is justi ed, and whether one gains anything with re-
spect to a calculation where the physical (Coulomb) interaction is ugd.
For a single calculation, the gain is due to the lack of singularity in the
interaction expressed by a weak interaction potential allowing for smpli-
ed treatments, such as perturbation theory. However, as the extrapohtion
to the physical system needs more than one point, it is essential thathe
number of points stays very small, and the interaction weak.
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1.2. Objective and structure of the paper

We rst choose, in Sec.2.1, a family of model (parameter dependent) Haih
tonians that are more exible than using only the Kohn{Sham (noninteract-
ing) Hamiltonian. This is followed by a description of how universality is
introduced, namely by analyzing how a nonsingular interaction approacles
the Coulomb one, and not by transfer from other systems, as usually done
in DFAs. The physical system of interest is one among the parameter de-
pendent models corresponding to some precise value of the parametén
Sec. 2.2 its solution is extrapolated from the solutions to the modelsdr
other values of the parameter, expected that these solutions are moremple
to be approximated. This extrapolation is e ciently handled in the general
framework of the model reduction methods and more precisely refeimg to
a variation of the Empirical Interpolation Method [9].

We believe that such an approach can not only discuss what DFAs are
really doing, but can evolve to being used in applications. Some argument
supporting this statement is given. However, in this paper numercal ex-
amples (gathered in Sec. 3) are only presented for two-electron system
that are numerically (and sometimes even analytically) easily acceskie:
the harmonium, the hydrogen anion, H, and the hydrogen molecule, H in
the ground state, at the equilibrium distance.

As we do not use the Hohenberg{Kohn theorem, the technique can be
applied without modi cation also to excited states. We provide in Sec. 3.5,
as an example, the rst excited state of the same symmetry as the ground
state.

Some conclusions and perspectives are presented in Sec. 4. Finally,
order to facilitate reading the manuscript, various details are given h Ap-
pendices A{E that follow Sec. 4.

2. Approach
2.1. The model Schedinger equation

We study a family of Schredinger equations,

HC)C )=EC)C ) (2.1)

Note however that this is at the prize of working in ~ R3N instead of R3, and thus
requiring accurate many-body, e.g., con guration interac  tion calculations.
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where is some nonnegative parameter. More precisely, in this paper, we
use

H()=T+V+W(); (2.2)

whereT is the operator for the kinetic energy,V is the external potential (in
particular that of the interaction between nuclei and electrons) and W ( )
represents the interaction between electrons. Although not requied by the
general theory, in this paper we introduce the dependence on only by
modifying the interaction between electrons,

X
W)= w(ry; ); (2.3)

i<j
choosing

erf(r ;)

w(rj; )= (2.4)
rij
wherer; = jr; rjjis the distance between electron (at position r;) and

electronj (at position r;). Finally, the external potential V is written like

X
V = v(ri): (2.5)
i=1
wherev is the local one particle operator. Note that the N -particle opera-
tors are denoted by upper case letters, while the one-particle operats are
denoted by lower case letters.

Note also that for =0 we have a trivial noninteracting system, while
for =1 we recover the Coulomb system. The operatow is long-ranged:
as increases, the Coulomb interaction %r;, starts being recovered from
large distances. The rst reason for this choice is that, as mentioned abee,
we expect a universal character for short range (this is related to thedif-
culty of common DFAs to correctly describe long-range contributions, cf.
Appendix A). The second reason is that the solution of Eqg. (2.1) is con-
verging more rapidly with (conventional) basis set size when the iteraction
has no singularity at ry, = 0.

In principle, introducing a dependence of the one-particle opeators (T
and V) on makes the formulas a bit more clumsy, but does not introduce
important di culties in its application. Using such a dependence might
improve the results, but it is not discussed in this contribution. In the
following, in order to simplify notation, we drop the argument , when

=1,eg9,E=E( =1).
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2.2. The correction to the model
2.2.1. Using a basis set

Of course, solving the Schredinger equation for the model, Eq. (2.1) vth
nite s, does not provide the desired solution, i.e., the one that is obtaiad
for = 1 .We thus need to estimate the di erence in eigenvalues:

E()=E E(): (2.6)

SinceE ( ) tends to zero at in nity, the idea is to rst expand this di ere nce
E( ) in a basis (of functions that tend to zero at in nity), retaining M
terms,

EC) Ew()= g () (27)
leading to
E() E g ()

or, more precisely sinceE is not known, we replace it by an approximation
denoted asEy ,

E() Ew g () 28)

priate choice of the parameter values ,. Finally, taking into account that
the functions ; tend to zero at in nity, the proposed approximation for
E is Ey . Of course, this extrapolation approach often fails if care is not
enough taken in the choice of the functions ;1 j M, and the values

First, one has to decide about their form. Second, one has to nd a
way to keep M as small as possible to reduce computational cost while
preserving a good accuracy.

2.2.2. Approaching the Coulomb interaction

As recalled above, we derive from the leading term of the Coulomb inteac-
tion between the electrons that, to leading order, the solutions of dierential
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equations are determined at short range by the singularities. The inteac-
tion w in Eq. (2.4) has no singularity at r;, = 0, for any nite . However,
as the parameter increasesw( ; ) approaches the singular Coulomb po-
tential.

In order to see how this limit is approached, let us perturb the exat
solution. To rst order, the perturbation correction to the energy is given
by

E()= W W() ; for 11 (2.9)
By changing the integration variablesr; to r; we see that
E()/ ? as !1 ; (2.10)

providing a leading behavior that we want the basis functions ; to re-
ect. It is possible to continue this analysis for higher order terms. In fact,
the next term (in 3) has a coe cient proportional to that of 2 the
proportionality coe cient being determined by the nature of the Cou lomb
singularity [10].

2.2.3. Choice of the basis functions
In the main part of this contribution we use a simple ansatz,

S5()=1 ) @+j* A je1nnMm (2.11)
that respects indeed the condition of Eq. (2.10). The motivation for this
speci ¢ choice, that is arbitrary to a certain degree, as well as some mailts
obtained with other choices of basis functions, is given in Appendix B.

The rst functions of this basis set are presented in Fig. 1, together
with an example of a function it has to approximate. It illustrates that the
function we want to describe is between basis function 5| for small |
and basis function ~ |for large . However, a simple linear combination
between these (only) two surrounding basis functions from the fanmy in

Eqg. (2.11) does not improve much the accuracy, but of course, more (and
more appropriate) functions in the family can (and should) be called.

2.2.4. Reducing the basis set

Using a large set of ; (a large M) can rapidly become computationally
prohibitive (because it requires a large number of evaluations oE( ),

more di cult to stabilize extrapolation than interpolation). In order t o
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© 0O N O 0o b~ W N PP

=
|
o

25

Fig. 1. Basis functions ~ of Eq. (2.11), continuous curves with the color correspondi ng
to j; and an (unknown) function to be approximated by linear comb ination on this
basis (dot-dashed, gray). The unknown function in this gur e is proportional to E( ) of
harmonium.

reduce their number and increase the stability of the extrapolation, we
use a greedy (iterative) method, as in theEmpirical Interpolation Method

points."

In the K th iteration of EIM, one starts from a set of K 1 basis functions
(for us, ~) and K 1 points (for us, ~ belonging to some (discretized)
interval, say, close to zero, to bene t at most of the regularization of the erf
function). One then chooses theK th function ~, ; (among the remaining
M K basis functions) as being the one that is most poorly approximated
by the current interpolation (based on the K 1 basis functions and the
K 1 points) in a sense dedicated to the nal goal we want to achieve (that
can be uniform error, error on some part of the domain, or even at some
value) and the K th point ~¢ ; that, in the admissible set, brings the more
information. In this contribution, as we are only interested at extrap olating
the value of at in nity, so we chose the error as the absolute value of
di erence between theK th basis function and its interpolant at in nity as
the nal goal we want to achieve.

Note that the procedure selecting the next point and function does ot
make any use of the function to be approximated (heree). It is thus a cheap
step compared with the calculation of E(~p) on the system of interest.
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To improve the results for the extrapolation, we have modi ed the EIM
algorithm into what we call the Forward Looking EIM (FLEIM). While
EIM tries to get the maximal improvement through a sequential choiceof,
rst the new basis function, then the new point of interpolation, FLEI M
tries to get the best pair for improvement in the selected goal. The nethod
is explained in more detail in Appendix C. In what follows, we presenthe
results of FLEIM as they are better and more stable than those of EIM, as
is illustrated in App D.1.

2.3. Computing other physical properties

FLEIM can be used to approximate other physical properties, i.e., corect
expectation values of operatorsA 6 H obtained with the model wave func-
tions, ( ),

A()=h( JAj( )i (2.12)

This can be seen immediately by noting that the derivation in Sec. 2.2 is
not speci ¢ for correcting E( ), but can also be applied toA( ).

For the choice of the basis functions, we point out that properties are
obtained by perturbing the Hamiltonian with the appropriate operator, say,
A,

H! H()=H+ A (2.13)

The expectation value of A can be obtained as the derivative ofE ( ) w.r.t.
,at = 0. Of course, this procedure can be applied to model Hamiltonians,
yielding E(; ) and

h( JJAI( )i= @E( ) L (2.14)

Thus, in this contribution, we use the same type of basis functionsdr A( )
as forE( ); see the results in Sec. 3.4. Note that computindi( )jAj ()i
is not possible in DFT, without having a property-specic density func-
tional [11].

3. Numerical results
3.1. Guidelines

The quality of the corrections using Eqgs. (2.7) and (2.11) is explored nu-
merically. Technical details on the calculations are given in AppendixD.
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The plots show the errors done by the approximations in the estimate
of the energy: we choose a model, 7! E( ), and let the empirical inter-
polation method choose which easier models (with weaker interactics) to
extrapolate and get an approximation forE = E( = 1 ). The plots show
the error in the estimate of E made when considering approximations that
use information only for ~, . From the plots, we read o how small
can be and still have \reasonable" accuracy. In thermochemistry, kcamol *
is a commonly considered unit, and is often considered as \chemical aceu
racy." For electronic excitations, one often uses eV units, and one ofte
indicates it with one decimal place. \Chemical accuracy" is marked in the
plots by horizontal dotted lines. The plots show the errors in the rangeof

0:1eV 23kcalmol *.

We consider approximations using up to four points (thus chosen in
[0; ]). The rstpoint ¢ is always the value chosen o = shown on thex-
axis of the plots, and the basis function associated to it is g, the constant
function; note that using only this pair ( ,; o) corresponds to choosing
E' E( o)=the value provided by the model, i.e., no correction is applied
When the number of points is increased, further values oE (~y), chosen
by the algorithm, are used with ~, <

The (maximal) parameter is considered between 0 and 3bohtt. The
model without correction (blue curve) reaches chemical accuracy for
3bohr * for H! and harmonium, but only at 5bohr ! for H, in its
ground state.

3.2. General behavior of errors

The plots in Fig. 2 for harmonium, H,, and H! have similar features and
are discussed together. As the number of points used increases, thmallest
value of for which the good accuracy is reached decreases. Note that
FLEIM produces very small errors for values of larger than 2. However,
with the chosen basis set, the algorithm presented in this contribtion has
di culties correcting the errors for ~ smaller than 1.

3.3. Possibility of error estimates

Some tests can be done to estimate the quality of the approximation. For
example, we can compare how the approximations change when increas-
ing the number of basis functions,K , in our approximation and consider
JEx  Ex 1j as anasymptotically valid error estimate for Ex ;. One can
notice in the above gures that, when the di erence between, say the 2-
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Fig. 2. Errors for harmonium (top), H » (middle), and H { (bottom) using FLEIM with
one to four points (1: blue curve, 2: brown curve, 3: green cur ve, 4: red curve). The
abscissa represents the biggest allowed for use in the FLEIM algorithm. The error of
the model without correction (blue curve) does not show up in  the gure for the H »
molecule because it is larger than the domain covered by the p lot.
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Fig. 3. Errors made for the expectation value of the distance between electrons (top)
and the distance squared (bottom) for harmonium, by using a m odel wave function,
(), and after correcting with FLEIM (the di erent curves corr espond to the number
of points used). The insets zooms in.

and the 3-point approximation error is larger than \chemical accuracy," so
is the error in the 2-point approximation.
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3.4. Expectation values with FLEIM: hr,i and hr2,i for
harmonium

We look at the average distance between the electrons in harmonium. Bi
ure 3(top) shows the error made by using ( ) instead of ( = 1) in
computing the expectation value ofri,, as well as the correction that can
be achieved with FLEIM, using the same basis set as above (2.11). The
inset in Figure 3(top) concentrates on the errors made in the region that
could be considered chemically relevant (1 pm 0:02 bohr). We note the
similarity with the behavior of in correcting E( ).

Let us now examine the average square distance between the electrons
hr2,i, in harmonium. While for computing the energy we explored correctirg
the missing short-range part of the interaction, we now ask whether itis
possible to correct the error of using the model wave function, ( ) for the
expectation value of an operator that is important at long range.

For ! =1=2, we know the exact values of the expectation value of?,
at =0and = 1;theyare 6 and (42 +64)=5 +8) 8:21,
respectively (see, e.g., Ref. [12]). Note the large e ect of the modekave
function, (), in computing hr2,i. Figure 3(bottom) shows the error made
by using ( )instead of ( = 1) in computing the expectation value of
r2,, as well as the e ect of the correction that can be achieved with FLEIM,
using the same basis set (2.11) as above. We note again the similarity with
the behavior of in correcting E( ) or the expectation value of the distance
between electrons.

The expectation value hr2,i also illustrates another aspect: the e ect of
a change of the external potential on the energy. At rst sight this may
seem surprising, as the external potential is a one-particle operatorywhile
r2, is a two-particle operator. However, changing the one-particle operator
also modi es the wave function and this a ects the value of hr2,i. In the
case of harmonium, this can be shown analytically. Changing, and r; to
center-of-mass,R, and inter-particle distance, r,, cf. Appendix E, allows
us to see explicitly that a modi cation of ! 2, the parameter that speci es
the external potential, a ects the Schadinger equation in r 5. It introduces
a term proportional to ! ?r2,. The rst order change in the energy when we
change the external potential ( 2) is thus proportional to hrZ,i. Our results
in Fig. 3(bottom) show that our conclusions on model corrections are not
modi ed by small changes in the external potential. Note that the center-
of-mass Schmdinger equation also depends oh?, but it is independent of

and thus does not a ect our discussion on model correction.
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3.5. Comparison with DFAs

Instead of using extrapolation with FLEIM, one can use DFAs. While up
to now the external potential did not change with , in DFA calculations
a one particle potential that depends on is added in order to correct the
density.

We consider here two DFAs, the local density approximation,
LDA [13; 14], and one that reproduces that of Perdew, Burke and Ernz-
erhof (PBE) [15;16] at = 0. Both approximations are modied to be

-dependent. In particular, they vanishat = 1.

As shown in Fig. 4(top) for harmonium, DFAs are clearly much better
at small . However, they are not good enough. The gure suggests the
range of for which DFAs are within chemical accuracy is similar to that
obtained with the 3-point FLEIM. This is con rmed when comparing the
results with DFAs and for the H,; see Fig. 4(middle). Note that with FLEIM
the errors at large are smaller.

Note also that the curves obtained with extrapolation are signi cantly
atter at large than those obtained with DFAs. This should not be sur-
prising: DFAs transfer the large behavior, while extrapolation extracts it
from information available for the system under study.

Furthermore, using ground-state DFAs for excited states does not only
pose a problem of principle (questions its validity, as the Hohenberg{ohn
theorem is proven for the ground state), but can also show a deterioratin
of quality. However, there is no question of principle from the perpective
of this contribution (of using a model and correcting it by extrapolati on).
Also, the error in the excited state seems comparable to that in the groud
state, as seen in the example of the FH molecule, in the rst excited state
of the same symmetry as the ground state; see Fig. 4(bottom).

4. Conclusion and perspectives

In this contribution we have illustrated with a few models how to simplify
the Hamiltonians by smoothly getting rid of the singularities in the system
and thus have more numerically tractable problems. This simpli cation is
obtained by introducing a parameter that, when it is equal to in nit vy, it cor-
responds to the original, plain Hamiltonian. After numerically solving a few
simpli ed problems, the solution of interest is obtained by extrapolation.
We present a new (in the eld) method for extrapolating the quantit ies
of interest from few nite values (hence easy to solve) of the parameteby
a technique borrowed from reduced basis paradigm: the empirical imtrpo-
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lation method. In contrast to DFAs, no parameters are tted, no transfer
from di erent system are made: only extrapolation is used. Note that in
contrast to DFAs, improvement can be envisaged by either adding furher
points or using more appropriate basis functions and error estimates are
asymptotically accessible.

Appendices
A. On density functional approximations

In DFT, the existence of a universal functional of the density, F[ ], i.e.,
the Hohenberg{Kohn theorem [17], is rigorously proven [1819]. However,
obtaining accurately the value of F for a given density (r), while possible
(see, e.g., Ref. [20]), is exceedingly time-consuming. Computatioriglcon-
venient DFAs exploit the knowledge of the density around a given pointr

in space. Typically,

FI[ ] R3f( (r);jr (r)j;:::) dr: (A.1)

The limitation of such an approach can be seen for a simple density
functional, the Hartree term of the energy,

4
Eap]= 2 () (A2
re Jr1 T2)
when (r)= a(r)+ g(r)and a(r) s(r) O(.e, a and g are spa-
tially separated; their overlap decreases much faster thangr; r;j). Ho-
henberg and Kohn recognized the di culty of approximating Ey by ex-
pressions of the type given in Eq. (A.1) and suggested separating it from
F[ ]. However, this does not fundamentally solve the problem, as one can
immediately see in one-electron systems, whergy has to be canceled by
another term commonly expressed in DFAs by an ansatz of the forms given
in Eq. (A.1). Note, that the problem would not exist for interactions that
are not Coulomb (long-ranged), but short-ranged. For instance, if the in-
teraction is Dirac's (r; r3) function, E4 becomes exactly of the form
of Eq. (A.1). For other short-range interactions one can approach such a
form by using Taylor expansions. In recent years it has become popularot
compensate for the limitation of the ansatz in Eq. (A.1) by adding \empir-
ical" energy corrections to describe long-range e ects.

The volume elements dr, dr, are omitted when the context is unambiguous.
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Another problem is that the antisymmetry of the electronic wave func-
tion is hidden in F[ ]. As the most important e ect of the antisymmetry
is the Pauli repulsion, Kohn and Sham [21] proposed to consider the vari-
ational principle for a model in which particles do not interact. However,
DFAs following the pattern of Eq. (A.1) are still in use. In fact, furth er
separating terms from F[ ] may even lead (for degenerate cases) to the
question whether the limit of a noninteracting system is well-dened (see,
e.g., Sec. 3.5in [13]).

B. Basis functions

In order to get an idea how the leading term of the correction behaveswe
consider the missing part of the Hartree term,
z
1
()W W) ()=
R6
Separating the Hartree part from F[ ] was already proposed by Ho-
henberg and Kohn [17], and it is also the dominant part inE( ). Most
molecular codes use Gaussian one-particle basis functions, sds a linear

combination of Gaussian functions. We consider a generic term,
z

(r) (r2) % Wrz; ) (B.1)

e "ie "3 L w(ryp; ) (B.2)
R6 l12
This integral is easily computed, e.g., by using Fourier transformsand one
obtains an expression that is proportional to the form of the basis function
~ in Eq. (2.11), after arbitrarily relating 1 = 2 to the basis indexj .
Let us now consider another basis set, constructed from the requireemt

that the functions decay as 2 and are nite at the origin.
. 1
~ ()= 1+(] )2
where we choose agaij = 1;2;:::;10. The results are only slightly
worse than those obtained when using the basis set of Eqg. (2.11), compare

Fig. 2(top) and Fig. 5(top).
Let us consider

(B.3)

1
i ()=3 1+(q )? (B.4)
where we choose; = 2172 The result for harmonium is shown in Fig. 5(bot-
tom). We note a slight improvement of the results for the 2- and 3-point
approximations, as well as a change of sign of the error in the 4-point ap-
proximation. This direction of investigation deserves to be pursuel.
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Fig. 5. Errors for harmonium using FLEIM with up to four point s (1: blue curve, 2:
brown curve, 3: green curve, 4: red curve), using the basis se ts given in (B.3) (top) and
(B.4) (bottom). The abscissa represents the biggest allowed for use in the FLEIM
algorithm.

C. The empirical interpolation method

The empirical interpolation method is a model-order reduction mehod in-
troduced in [9] as a way to e ciently nd a reduced basis and approximate
one particular function within a manifold of parameter dependent func
tions. The points at which to do the interpolation are referred as magic
points [22].

For a family of basis functions ;, i 2 | with discrete points j,j 2 J
chosen on a regular grid close to zero (see Appendix D.2 for an analy-
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sis of the in uence of the choice of the grid), we want to nd a family
of K functions and interpolation points with which to interpolate a test
function f 2 Sparf ;i 2 1g.

C.1. Algorithm for EIM

We assume that we have chosen some cost functi@) e.g.,anormd ] kk ,
or, if we are, as in this contribution, only interested in correctly approxi-
mating the value for 1 , we choose the cost function as the absolute
value at that extrapolation point (' 1= " (1 )j=Ilim v j ()j.

First, select one of the basis functions. We can choose to add the con-
stant function |,

~ = o (C.1)
We then select the rst interpolation point as the largest admissible
available,
~ = rP% it (C.2)

We can then de ne the rst normalized interpolation function as

b= ~o(go): €3

We can then create the rst approximation with an interpolation scheme,
for instance Lagrangian interpolation as

Lolf ] = f(~0)p: (C.4)
We now assume to have chose 1 functions ~, normalized functions
Ok. Let us also assume that we have selected 1 interpolation points ~,

k=0;:::;K 2. We de ne the |l ¢ » Lagrangian interpolation function as
KK 2
Ik off]= kOk; (C.5)
k=0
where the coe cients  are determined by solving the system
IX 2
kk(~)=f(~) for =0;:::;;K 2 (C.6)
k=0

If we denote I as the set of indices of remaining basis functions and™
as the set of indices of remaining interpolation points, we choose theaxt
function as

~« 1=argmax C ; | ¢ o[ ] ; (C.7)
i2r
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and the next interpolation point as
~« 1=argmax -~ () I « 2[« () : (C.8)
j ;j 2F
We can then de ne the K th normalised interpolation function as
~ l [~ 4l
K 1 K 27k 1
: (C.9
~« 10k 1) Ik 2l 4l(~)
This system is represented by a lower triangular matrix with ones onthe

diagonal, and hence has a unique solution. The algorithm ends when the
desired target accuracy is reached.

&k 17

C.2. The forward looking empirical interpolation method
(FLEIM)

To better adapt the method for extrapolation, we propose a double loop
alternative: Instead of selecting sequentially rst for a new basisfunction
and then a new interpolation point | Egs. (C.7) and (C.8) | we select
the best pair

(~k 1~ 1)=argmaxargmin C ;( ;) | « 2f ;1 j) : (C.10)
i2r gij2r

D. Numerical details of the calculations
D.1. Testing EIM and FLEIM with E( )=1+ j( )

In this subsection, we compare on a simple function, the behaviour cEIM
and FLEIM on a analytic test function E( ) behaves like 1+ ;( ). The
results for EIM are given in Fig. 6, and for FLEIM, in Fig. 7.

First, we note that FLEIM provides better approximation together wit h
more stable results when varies. Second, we note that the \wall" forj > 1
at small is also imporved. At large , all ; have the same decay at large

: this makes both methods t to work in this regime.

D.2. Discretization for FLEIM

The interval between 0 and the value of under study was divided in 10
equal intervals (producing 11 points). FLEIM was used to selectK ( 4)
points and basis functions on whichE( ) was calculated.

We now investigate the e ect of changing the grid of and use, for
comparison a xed ner grid of values of 1; »;::: ranging from 0O to the
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value indicated in the plots, with a step of 0:01 bohr 1, the FLEIM results
are only slightly changed, as shown in Fig. 8.

D.3. Systems

Two-electron systems studied are

(1) harmonium, having

1
v(r)= 5! 2r2 (D.1)
where for! = 1=2 the exact energy is known E = 2 hartree);
(2) H{ anion,
V(r) = r}; (D2)
(3) H, molecule,
1 1
v(r)y= - - - - D.3
) jr  Ra] jr Rg]j (®:3)
where the nuclei are in the equilibrium position, R = Rpg with
jRaj=0:7bohr.

D.4. Obtaining the model energy

In order to simplify the test of FLEIM, E( ) was pre-calculated for a dense
range of values and interpolated. The values forE ( ) were obtained with
the program Molpro [23] for H and H,. This program was also used for
the density functional calculations.

For harmonium, it is possible to separate the variables in the Schre-
dinger equation. The center-of-mass equation can be solved exactly. Bh
equation in ry, was solved by discretization on a grid of 16 points between
0 and 10 bohr.

For H, the V5Z basis set of [24] was used; for Hthe aug-V5Z basis set
of [25]. (The error in the energy of H is too large if we do not augment the
V5Z basis set with a di use basis function.) The aug-V5Z basis set was also
used for the excited state of H, as it has an important contribution of ionic
states (H*  H!). For H, the equilibrium distance of 1:4 bohr was chosen for
the ground state. For the excited state, the distance of £ bohr was chosen.
It is close to a minimum of the potential energy curve. Furthermore, this
value can be compared with the accurate calculation of Ref. [26].
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E. Change of coordinates in harmonium

Harmonium is characterized by the external potential given by Eq. (D.1).
For two particles the variablesr 1;r, can be changed to those corresponding
to the center of mass and the distance between patrticles,

1
= — + .
R 2(T1 ra);

rzg=(ra ra) (E.1)
yielding for the potential energy
1 1
é!2 ri+r2 =12 R2+Zr122 (E.2)

The transformation of variables can be done also for the kinetic energy, and
makes the model Schredinger equation separable into a part (irR) that is
independent of the model, and one (inr2) that through 2.4 depends on
the model ().

Note that h( )jr,j ()i is also measuring the error due to the change
of density with , for harmonium

erf(r 12)
12
Indeed, by using the Hellmann{Feynman theorem,

Qh( JH(C )€ )i = h( )Jé(rf”%)J( )i

L
=nCOIRH ()i €4

whereR =(rq+ r,)=2. As it is possible to separate variableR andr i, in
the Schredinger equation,

H ( ):T+%! 2(rz+ r3)+ (E.3)

( )=(CR;riz; )=( R) (raz; ) (E.5)
and both normalized to one, and
h( g3+ I )i= (; )rr (E6)

R3

where (r; ) is the densit% of the model systzem, we have

1 P . . .

NCirki( )i= (i )rfdr j(R)PR®dR  (E7)

R3 R3

Note that the change oftr2,i with is only due to the change of the density
with . Thus, the di erence betweenzh( )jr2,j( )i and zh jr%,j i also
indicates how much the density is a ected by the model.
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ABSTRACT: Born Oppenheimer molecular dynamics (BOMD)

is a powerful but expensive technique. The main bottleneck in a
density functional theory BOMD calculation is the solution to the L
Kohn Sham (KS) equations that requires an iterative procedure ="
that starts from a guess for the density matrix. Converged densitiest
from previous points in the trajectory can be used to extrapolatesa: ..
new guess; however, the nonlinear constraint that an idempotg
density needs to satisfy makes the direct use of standard li
extrapolation techniques not possible. In this contribution;;we
introduce a locally bijective map between the manifold where; thggis
density is deed and its tangent space so that linear extrapolation '..Z;
can be performed in a vector space while, at the same time,
retaining the correct physical properties of the extrapolated density

using molecular descriptors. We apply the method to real-life, multiscale, polarizable QM/MM BOMD simulations, showing thai

sizeable performance gains can be achieved, especially when a tighter convergence to the KS equations is required.

1. INTRODUCTION object of several previous worksmong the proposed

Ab initio Born Oppenheimer molecular dynamics (BOMD) is Stratégies, one for density matrix extrapolation was developed
one of the most powerful and versatile techniques iRY Alfe? as a generalization of the wavefunction extrapolation
computational chemistry, but its computational cost represedf€thod by Arias et alwhich is based on a least-squares

a big limitation to its routine use in quantum chemistry. Td€gression on a few previous atomic positions. The main
perform a BOMD simulation, one needs to solve the quantuii culty in performing an extrapolation of the density matrix
mechanics (QM) equations, usually K&@tmam (KS) density ~ stems from the nonlinearity of the problem. In other words, a
functional theory (DFT), at each step, before computing thénear combination of idempotent density matrices is not an
forces and propagating the trajectory of the nuclei. Thielempotent density matrix, as density matrices are elements of
iterative self-consistertid (SCF) procedure is expensive, asa manifold and not of a vector space. To circumvent this
it requires to build, at each iteration, the KS matrix and tproblem, strategies that extrapolate the Fock or KS'Traatrix
diagonalize it. Convergence can require tens of iterationat use orbital transformation metfiotishave been
making the overall procedure, which has to be repeated a vprgposed.

large number of times, very expensive. To reduce the cost oA completely derent strategy has been proposed by
BOMD simulations, it is therefore paramount to be able tqiklasson and co-workers! In the extended Lagrangian
perform as little iterations as possible while, at the same tinBsrn-Oppenheimer (XLBO) method, an auxiliary density is
obtaining an SCF solution accurate enoughail stable ropagated in a time-reversible fashion and then used as a
dynamics. From a conceptual point of view, at each step opgess for the SCF procedure. The strategy is particularly
BOMD simulation, a map is built from the molecular geometryccessful, as it combines an accurate guess with excellent
to the SCF density and then to the energy and forces. Thgapijity properties. In particular, the XLBO method allows one

former map, in practice, requires the solution to the SCE, nerform accurate simulations converging the SCF to average
problem and is not only very complex but also highly

nonlinear. However, the propagation of the molecular =
dynamics (MD) trajectory uses shoriite time steps so ~Recelved: July 27, 2021 LK
that the converged densities at previous steps, and thus"4plished: October 8, 2021 i

similar geometries, are available. As a consequence, the
geometry to the density map can be in principle approximated
by extrapolating the available densities at previous steps. The
formulation of eective extrapolation schemes has been the

© 2021 The Authors. Published b
American Chemical Societ)}// https://doi.org/10.1021/acs.jctc.1c00751
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values [for instance, 20in the root-mean-square (RMS) one to use any linear extrapolation technique, which can be in
norm of the density increment], which are usually érest turn coupled with any choice of molecular descriptor, more
to compute accurate forces. An XLBO-based BOMD strateggvanced strategies can be proposed, including machine
has been recently developed by some of us in the contextlefrning. Our approach ensures that the extrapolated density,
polarizable multiscale BOMD simulations of both ground aniciddependent of how it is obtained, sasisall the physical
excited statéd.'® Multiscale strategies can beciently requirements of a density stemming from a single Slater
combined, in a focused model spirit, to BOMD simulations tdeterminant.
extend the size of treatable systems. Using a polarizabl@he paper is organized as follows. In the upc&airigpn
embedding allows one to achieve good accuracy in tlewe present all necessary theoretical foundations required for
description of environmentakets, especially if excited statesthe development and implementation of the presented G-Ext
or molecular properties are to be computed. In such a conteapproachSection 3then presents detailed numerical tests
the XLBO guessing strategy allows one to perform stablistrating the performance of the extrapolation scheme,
simulation even using a modest®1RMS convergence including realistic applications of BOMD within a QM/
threshold, which, thanks to the quality of the XLBO guesspolecular mechanics (MM) context before we draw the
typically requires only about four SCF iterations. Recentlgpnclusion irBection 4
SCF-less formulations of the XLBO schemes have also been
proposed®’ 2. THEORY

Unfortunately, the performances of the XLBO-based BOMBVe consider ab initio BOMD simulations where the position
scheme are not so good when a tighter SCF convergencg igtor R 5 evolves in time according to classical
required, which can be the case when one wants to perfogiechanics as
MD simulations using post Hartréeck (HF) methods or
for excited states described in a time-dependent DET MiRi(t) = F(t R}) ()]
framework®*8 In fact, such methods require the solution to
a second set of QM equations which are typically nonvari
tional, making them more susceptible to numerical errors a
instabilities. Computing the forces for non-SCF energi
therefore requires a more accurate SCF solution.

The present work builds on all previous methods for dens%

\Al_hereRi(t), () 5 denote the position of theh atom

ith mas$/;, respectively, and the force acting on it atttime

e consider a general QMM method, but the setting also
trivially applies to pure QM models. The forces at a given time
nd positiorR of the nuclei arise from drent interactions,
mely, QMQM, QM MM, and MM MM interactions.

matrix extrapolation and aims at proposing a simple framew < . . .
b brop 9 b e computationally expensive part is to determine the state of

to overcome the dtulties associated with the nonlinearity of ° o F
the problem. The strategy that we propose is based onli¢ €lectronic structure, which is modeled here at the DFT
di erential geometry approach and is particularly simple. Fir veI_dW|t_h aHglyen b35|?Ds|:ez1E of (Ijémenﬁrc])nNote thit. h

we introduce a molecular descriptor, that is, a function of tHensidering HF instead o would not change much in the

molecular geometry and other molecular parameters trﬁrtesentation of the method. It consists of computing the

represent the molecular structure in a natural way that respetdgtantaneous nonlinear eigenvalue problem

the invariance properties of the molecule within a vector space. (DR Cr= S G K

At the (h + 1)-th step of an MD trajectory, wethe new

descriptor in a least-square fashion using the descriptors BCAS; G = Idy

available at a number of previous steps and obtain a new set o T

coe cients. However, we do not use them to directly R = CrCr 2
extrapolate the density. Instead, vgé map the unknown ExN s )

density matrix that we aim to approximate from the manifol#hereCr 5N andDz 5 * denote the coecients,
where it is dened to its tangent space. We then perform the'espectively, of the occupied orbitals and density matrix and
extrapolation to approximate the representative density matkx 5¥*N denotes the diagonal matrix containing the energy
in the tangent space, before mapping this approximation baekels. Furthermorg, denotes the DFT operator acting on
to the manifold in order to obtain an extrapolated densityhe density matrix ang; denotes the customary overlap
matrix that saties the required physical constraints. Thismatrix.

geometrical strategy, which has recently been introduced in theyt this point, it is useful to note that the slightly neatli

context of density matrix approximation By aipws one to ; ; 1/2
use standard linear extrapolation machinery without worryi Qe cent 'T‘a"'XCR S " G belongs to the so-called
iefel manifold daed as follows

about the nonlinear physical constraints on the density matrix;
since both the space of descriptors and the tangent space aret(N, 5) { v 55N vy Hy ®)
vector spaces. As the mapping between the manifold and the o
tangent space is locally bijective, no concerns about redundée to the second equationdn 2 In conseguence, the
degrees of freedom (such as rotations that mix occupié®rmalized density matBg = CxCk = S"?DrS:" belongs
orbitals) arise. The map and its inverse, which are known #sthe following set
Grassmann logarithm and exponential, are easily computed N
and the implementation of the strategy is straightforward. We N, 5) {D 5F & DF DD} N4
shall denote this approach as Grassmann extrapolation (G- i L ) “)
Ext). which can be idengd with the Grassmann manifold\ef

In this contribution, we choose a simple, yettwe dimensional subspaces Bf by means of the spectral
molecular descriptor, and, for the extrapolation, a least squarejectors. In the following, we always assume that the density
strategy. These are not the only choices. As our strategy allonatrix has been orthonormalized and therefore drop the
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from the notation. For afy ~ r(N, ), one cln associate equivariance with respect to rotations of the molecular system,
the tangent spagg which has the structure of a vector spaceWwhile in the latter, the density matrix is invariant. We should

The evolution of the electronic structure can therefore be sedferefore in principle use a molecular descriptor satisfying
as a trajectory Dgy on .r(N, 5) wheret R(t) those properties. _ _

denotes the trajectory of the nuclei. However, the symmetry properties we will rely on are mostly

X N translation and rotation invariance. Therefore, we will use a
The goal of the_ present work |s_rtml agood approximation simple descriptor in the form of the Coulomb matrix denoted
for the electronic density matrix at the next step of MDD

trajectory by extrapolating the densities at previous steps. Mo%dR‘ given by

precisely, based on the knowledge of the density matrices 24 ifiz i

D Dgy,i=n N,..n 1, atN, previous times, one & =

aims to compute an accurate guess of the densityDpatrix (dr)j = 43 otherwise

timet,, . Rt SRY Il ®)
Thus, the problem formulation can be seen as an

extrapolation problem of the following form: given the set of Note that such a descriptor is not invariant (nor equivariant)
couplegR(t), D) and a new position vecR{t) provide a  with respect to permutations of identical particles. However,
guess for the soluti@p. Here and in the remaining part of the we have found this descriptor teia good trade-detween
article, we restrict ourselves on the positions of the QM atomsimplicity and eciency. Note that since we aim to extrapolate
that is, with slight abuse of notation, we denote from now othe density matrix from previous time steps, permutations of
by R the set of QM positions only, even within a QA identical particles never occur from one time step to another
context. and we do not need to rely on this property. Nevertheless, we
In order to approximate the mapgihg Dg, we split this  expect that a better description could be achieved using more
mapping in several submaps that will be composed as follovexible descriptors, such as ACE polynomials or the SOAP
descriptors, where the descriptors themselves can be tuned.

5 4 p (N, ) 5 2.2. Grassmann Exponential. We only give a brief
R -D. E overview as the technical details have already been reported
& r=Dr EBExp (r) (5) elsewhert?®?*® and are recapitulated in ti®ipporting

. . . InformationThe set.r(N, 5) is a smooth manifold and thus,
where therst line shows the concatenation of maps in term

of spaces and the second in terms of variables. &henti 3t_atnythpot|nt, sa?o r(N,.h t)hlrt] our5appllcat|o_n,t there b
mappings will be presented and motivated in the foIIowing.ex'_S S the langent spagg such that one can associate nearby
The rst map is a mapping of the nuclear coordinategoints D r(N. ) to tanfent vectors(D)  ;p. The

R 5™ to a (possibly high-dimensional) molecular descripmappingd®  Log, OF (D) is known as the Grassmann
4 . ; ; o

tor that accounts for certain symmetries and invariances of garithm and its inverse mapping is known as the Grassmann

molecule. The last map, known as the Grassmann exponent| A onential Exp. £) D. Furthermore

is introduced in order to obtain a resulting density matri P R ’ . ’

belonging to.r(N, 5) and thus to guarantee that the guessLOQDO D) = 0 and Bxpp, (0) = Dy. These mappings are not

ful Is all properties of a density matrix. AN, 5) is @  only abstract tools from diential geometry but can also be
manifold, this is not straightforward. The second mapping ébmputed by means of performing a singular value
the one that we aim to approximate but before we do that lefecomposition (SVDBf*2*° In our application, we use the
us rst introduce those two special mappings, that is, theame reference poibl, in all cases which brings some
molecular descriptor and the Grassmann exponential, in m@gmputational advantages as will be discussed in more detail in
details. the upcomingection 2.3

2.1. Molecular Descriptors.The mapR  dg is a map 2.3. Approximation Problem. Since the tangent space
from atomic positions to molecular descriptors. TheseDO is a (linear) vector space, we can now aim to approximate

descriptors are used asgerprints for the considered the mapped density matrix on the tangent spgceTo

molecular comyurations. Such molecular descriptors have. . . . . . .
been widely l:ged in the past decades, for exan?ple, to |e§|Wp“fy the presentation, we shift the indices in the following

potential energy surfaces (PESE) or to predict other ~and describe the extrapolation method for tieN, time

guantities of interest. Among widely u%eﬁd descriptors, one Cgﬁ?sfor": Ehﬁ g(la\lneralnsetfnt%, g;l:rasggllgtde (t:ﬁg salgﬁrSittCemp;c:ﬁglons
nd BehlerParinello symmetry functionsCoulomb ma- LT e .

trix 2! smooth overlap of atomic positions (SOAPErmuta- s\t/g?sg;f ?o?r(tﬁ)ér\g?ne;fgr I?um:e}i%rsrﬁgrtl ttan;t Sé?\?egfgrsvml?s'

tlonally. |nvar|ant31polynom|§Ps,or the atomic cluster napshots, = Log®, for i from 1 toN co’rresponding o

expansion (ACEf*! These molecular descriptors are usually'S ! ! o

designed to retain similar symmetries as the targeted quanti ggneR(ti) s, the approximation of any density matrix on the
of interest. angent space is written as

In this work, the quantity we are approximating is the N,
density matrix, which is invariant with respect to translations R~ (B Gri i
and permutations of like particles. The transformation of the =1 @)
density matrix with respect to a global rotation of the system
depends on the implementation, as it is possible to considdith = rey-
either a xed Cartesian frame or one that moves with respect The question is then how tad these coecient functions
to the molecular system. In the former case, there is ap; and we propose tond those via the resolution of a
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Algorithm 1: Density extrapolation framework G-Ext

Data: Array desc containing the descriptors for k& previous time-steps, p, the

descriptor for the current position, C,,

_1 and S,,_; respectively the molecular

orbitals and overlap matrices of the previous time-step, and cref the

reference point on the Grassmannian

Result: Guess density matrix for time-step n > 1

begin

cmat(:, :, n — 1) < Orthonormalization
gmat(:, :, n — 1) < Log(cref, cmat(:, :, n
desc, p, <+ Stabilization(desc, p,);

¢ + LeastSquares(desc, p,);

Capp = Simpo s (i) - gmat(, -, 4);

Capp < Exp(cref, Typp);

return 2 - Gy, - cr

app*

(Cn—la Sﬂ—l):
—1));

(standard) least-square minimization problem. For a giveer:

positionR, we look for coecients that minimize theerror
between the descriptdg and a linear combination of the
previous onedg

N, 2

min Gi k)
& St -1

&S

G

In the matrix form, this simply reads
min|ids S P

mink S P GIf ©

wherePis the matrix of si2¢ x Ny containing the descriptors

P;  (dry); Note that we onlyt on the level of the

descriptor, that is, the mapping from the position Rd¢tor
the descriptodg and that this method is similar to the ones
used by Alfeand Arias et al where the descriptors they used

were the positions of the atoms and only considered tlﬁ

previous three time steps of the MD.
If the system is underdetermined, we select thegsghtr

(R(t)), and hence, we recover the expected density
matrixDR(t) = ExpPDO( i
2.3.1. Stabilization.To stabilize the extrapolation by

limiting high oscillations of the cagents, we apply a
Tikhonov regularization

S

: |
+ Il glf

min
& B

N,

Gri %k
=1 (11)
for some choice of This problem is always well-posed and
corresponds to solving the following problem

min |jdx S P
n/lde &lf 12)
wheredy, 5% M s the vectods padded wittN, zeroes and

Nx 5 NN js Bhe P matrix padded with the square
agonal matrixdy. We observe in practice that using such a
stabilization makes possible to use more previous points

has the smallest norm. However, in general, the systemwiihout degradation of the initial guess. _ _
overdetermined as we have more descriptors than snapshot&.4. Final Algorithm. Given previous density matrices

This implies that this formulation ves the interpolation
principle: for every andj from 1 to N, the solution of
problem §) at the position&(t;) satis escyyi = j-

Dreyy forj =1, ...N, the initial guess is computed following
Algorithm 1. That is, we start by computing the logarithms of
the density matric&g), from the coecientsCg; that are

In principle, should we consider a large amount of previousgst orthonormalized by performiBg = S°Cx. Here, we
descriptors, then the system may become undetermined a@hark that we assume that the density mabiggshave

violate the interpolation principle. To mitigate this, we can u
a stabilization scheme, as explained in the upcomi
subsection.

Note that once we have computed the cmatsg by
solving probleml1@), one computes the initial guess for the
density using the same comnts in the linear combination
on the tangent space asdn/and nally takes the exponential
(seeeq 9. The rational for this step is that if the second

mapping ireq 5 which we denote here by 4 p, was
linear, then there would hold
N N,
'gcmq?i: Gi-(¢) = & i
\F 1 i=1 E1 (10)

'Seen previously laalin orthonormalized.
N9we then compute the descriptors needed to buil® the

matrix and solve problem?. This provides the coeients

in the linear combination of thgs on the tangent space.
Finally, we compute the exponential of the linear combination
in order to obtain the predicted density matrix.

Note that the reference pold§ is chosen once and for all,
which makes the computations of these logarithms lighter,
even though there is no theoretical joation for keeping a
single poinD, as a reference. Indeed, it is known that the
formulae are only correct locally (aroDgcdon the manifold.
However, in practice, we have never observed the need to
change the reference point. This enables us to compute only
one logarithmic map per time step and hence, only two SVDs

In practice, the mapping is, however, not linear and this total per time step. To have a robust algorithm that will
approach works well in the test cases we considered. A possiiadék even in this edge case, it will becint to check that
explanation for this is the unfolding of the nuclear coordinatgse exponential and logarithmic maps are still inverse of one

into a high-dimensional descriptor-sphcéndeed, the high-

another.

dimensionality ot seems to allow an accurate approximation Finally, to be on the safe side with respect to the

of
overdetermined, the scheme sagithe interpolation property
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by a linear map. Furthermore, if the system isomputations of the exponential, we have added a check on

the orthogonality of the matrix that is obtained: if the residue is
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higher than a certain threshold, we then perform awersion of Gaussfdrto compute the QM, electrostatic, and
orthogonalization of the result. polarization energy and forces and TiAkercompute all
other contributions to the QM/MM energy. We implemented
3. NUMERICAL TESTS the G-Ext extrapolation scheme in Tinker that acts as the main
In this section, we present a series of numerical tests of tHéver for the MD simulation, being responsible of summing
newly developed strategy. We test our method on fodpgether all the various contributions to the forces and
di erent systems. All the systems have been an object oprgpagating the trajectory. At each MD step, using the
previous or current study by some of us and can therefore BauOpen interfa¢d,the density matrix, molecular orbital
considered representative of real-life applications. (MO) coe cients, and overlap matrix produced by Gaussian
The rst system is 3-hydromyone (3HF) in acetonitrité. are retrieved. These are used to compute the extrapolated
Two systems (OCP and APPA) are chromophores embeddeensity, as describedSaction 2The density is then passed
in a biological matrixnamely, a carotenoid in the orange back to Gaussian to be used for the next MD step. All the
carotenoid protein (OCP) and avine in acid Ehosphataseimulations were carried out in the NVE ensemble, using the
(APPA), a blue light-usingavine photoreceptdt.”® The velocity Verlet integrator and a 0.5 fs time step. Concerning

fourth system is dimethylaminobenzonitrile (DMABN) in stabilization, we found that good overall results were obtained
methanot? The main characteristics of the systems used fQising a parameter 10® x r.; whereis the tolerance of
testing are recapitulatedTiable 1 the SCF algorithm.

3.1. Numerical ResultsTo assess the performance of the
Table 1. Overview of the System Size in Terms of Number G-gxt guess, we perform 1 ps MD simulations on the four
of QM Atoms Nqy), Number of MM Atoms Nyy), and systems described Section 3starting from the same exact

the Total Number of QM Basis Functio($) conditions (positions and initial velocities) and using various
strategies to compute the guess density for the SCF solver. We

system Nawm Nuaw ° compare variousvors of the G-Ext method with the XLBO
ocp 129 4915 1038 extrapolation schertfeHere, we note that the original XLBO
APPA 31 16,449 309 method performs a propagation of an auxiliary density matrix,
DMABN 21 6843 185 which is then used as a guess. The latter is not idempotent: to
3HF 28 15,018 290

restore such a property, we perform aqation step at the
eginning of the SCF procedure using Mc\Wealgprithni?

the following, we therefore compare our method, where we

e 3 to 6 previous points for thing and extrapolation, to

The systems used for testing include a quite large Q
chromophore, the OCP, and three medium-sized system
embedded in large- (APPA and 3HF) and medium-size'éss
environments (DMABN), and are representative efedit Ot.h th_e standard XLBO and to XLBO followed by
possible scenarios. puri cation (XLBQ/MW). We use an SCF convergence

To test the performances of the new G-Ext strategy whreshold of 16 with respect to the RMS variation of the
performed three sets of short (1 ps) multiscale BOM ensity. .
simulations on OCP, APPA, 3HF, and DMABN. KS density W& reportinrable 2 for each method, the average number
functional theory was used to model the QM subsystem, usiRfSCF iterations performed along the MD simulation together
the B3LYP' hybrid functional and Pojsles-31G(d) basis with the associated standard deviation. As the XLBO strategy
set’® For the stability and energy conservation of the method€duires eight previous points, during which a standard SCF is
we did a longer and more realistic simulations of 10 ps deerformed, we discard thest points from the evaluation of
3HF, where theavone moiety was described using B X the aforementioned quantities to have a fairer comparison.
hybrid functionaf and Popls 6-31G(d) basis set. In all cases, We do not report the total time required to compute the
the environment was modeled using the AMOEBA polarizab@#l€ss, as it is in all cases very small (up to 0.1 s wall clock time
force eld?® for the largest system using the G-Ext(6) guess). This is an

All the simulations have been performed using thémportant consideration, as the G-Ext method requires one to
GaussianTinker interface previously developed by some operform various linear-algebra operations (in particular, thin
us*>* In particular, we use a locally medidevelopment SVD) that can in principle be expensive. Thanks to the

Table 2. Performances of the G-Ext Method for &ent Numbers of Extrapolation Points, Compared with the XLBO
Algorithm with and without McWeeny Pugatiorf

OCP DMABN APPA 3HF
method average average average average
XLBO 3.82 0.66 3.98 0.16 3.00 0.03 4.00 0.14
XLBO/MW 2.95 0.31 3.76 0.56 3.00 0.34 3.96 0.31
G-Ext(3) 2.57 0.84 3.54 0.78 2.95 0.50 3.09 0.41
G-Ext(4) 2.48 0.88 3.14 0.62 2.51 0.50 3.25 0.68
G-Ext(5) 2.25 0.96 3.23 0.75 2.51 0.50 3.30 0.72
G-Ext(6) 2.20 0.96 2.99 0.02 251 0.50 3.14 0.56

@All the results were obtained using & d@nvergence threshold for the RMS increment of the density matrix and are derived from a 1 ps long
MD simulation, using a 0.5 fs time step. We report the average number of iterations required to converge the SCF, together with the associal

standard deviation. Note that thist eight steps were discarded.
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Table 3. Performances of the G-Ext(6) Method Compared with the XLBO Algorithm with McWeenyg&imif*

OCP DMABN APPA 3HF
method average average average average
XLBO/MW 5.02 0.17 7.30 0.64 7.49 0.84 7.47 0.63
G-Ext(6) 3.58 0.79 4.23 0.50 4.39 0.57 6.81 0.78

2All the results were obtained using & dénvergence threshold for the RMS increment of the density matrix and are derived from a 1 ps long
MD simulation, using a 0.5 fs time step. We report the average number of iterations required to converge the SCF, together with the associal
standard deviation. Note that thst eight steps were discarded.
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Figure 1.Total energy (kcal/mol) as a function of simulation time (fs) for 3HF comparing G-Ext(3), G-Ext(6), and XLBO with McWeeny
puri cation, using a convergence threshold for the SCF algorithrh (téftlpanel) and 13 (right panel). The total energy was shifted to
+505,000 kcal/mol for readability.

availability of optimized LAPACK libraries, this is in practice The XLBO method is based on the propagation of an
not a problem. auxiliary density, and therefore, the accuracy of the guess it

From the results imable 2 we see that the G-Ext generates depends little on the accuracy of the previous SCF
algorithms systematically outperforms the XLBO method. It gensities. As a consequence, its performances are reduced if a
interesting to note that the McWeeny mation step has a tighter convergence is required. The G-Ext guess, on the other
sizeable ect on the performances of the XLBO method onlyhand, uses previously computed densities as its building blocks
for the largest system, OCP, where it results in the gain ahd one can expect the accuracy of the resulting guess to be
almost one SCF iteration on average. On the other systempked to the convergence threshold used during the
the puri cation step has a smalleec. simulation.

In all the systems we tested, the performances of the G-Extrpjs js exactly what we observe. Using a threshold,of 10
method are sy_stematlcally bette_r than in XLBO, including,e G-Ext(6) guess exhibits sigantly better performances
McWeeny purcation. The eectiveness of the G-Ext han x| BO, gaining, on average, from about 0.7 to about 3
extrapolation increases when going from 3 to 6 points bW-F iterations on the tested systems.
quickly stagnates. We have _perforr_ned further tests with more; 1 1 StabilityThe good performances of the G-Ext guess
than 6 (up to 20) extrapolation points but never noted any., e ‘however, at a price, namely, the lack of time reversibility.

further gain. \We can thus expect the total energy in an NVE simulation to

We observe a reduction in the number of iterations that goes,, ... " : : e )
from 0.5 in DMABN to 0.75 in OCP (1.62 when compared tc)%?(hlblt a long-time drift (LTD). Time reversibility and long

XLBO without McWeeny pudation). We remark that these gme er;ertgy C?r?serfvtar‘]tlo?(fé% on ttr:ledother hand, one of the
gains, while apparently not so large, are greatly eampli |g_;|_ge_s sr(ta_ngt Sﬂ? teb'l't ngMOD'. ati na th
during the MD simulation, due to the large number of step& 0 Investigate the stability o MD simulations using the
that need to be performed. -Ext guess, we build a challengln_g case, wher_e_ we start a
The tests performed with a 1@onvergence threshold are BOMD simulation far from Well-equnlbrate_d condltlor]s. We _
representative of a standard, DFT ground-state BOMYSE t_h_e 3HF system as a test case and _a_chleve the noisy starting
simulation. When performing a more sophisticated quantuﬁpndltl_ons by starting fr_om a well-equilibrated structure and
mechanical calculation, such as a BOMD on an excited-st§fénging the DFT functional from B3LYP B97XD. This
PES'® such a convergence threshold may not beies to way, we have a phy5|cally_ acceptable structure, with no cl_ose
guarantee the stability of the simulation, as the SCF solution@®ms or other problematic structural situations, but obtain
used to set up the linear response equations and the numer@&rting conditions that are far from equilibrium.
error can be ampéd, resulting in poorly accurate forces. We report irFigure Ithe total energy along a 10 ps BOMD
We tested the G-Ext algorithm in its best-performingimulation of 3HF in acetonitrile using either & STF
version, the one that uses six extrapolation points, with c@nvergence threshold (left panel) or & dge (right panel).
tighter, 107 threshold, again for the RMS variation of theThe same results for a 9@hreshold are reported in the
density. The results are reportetidhle 3where we compare  Supporting InformatiolWe compare the G-Ext(3) and G-
the G-Ext(6) scheme with the XLBO method with McWeenyExt(6) methods to the XLBO one including McWeeny
puri cation. puri cation. As already noted, while in principle the

6970 https://doi.org/10.1021/acs.jctc.1c00751
J. Chem. Theory Comp@021, 17, 69656973



$IBQUFS k" %FOTJUZ NBUSJDFT FYUSBQPMBUJPO

Journal of Chemical Theory and Computation pubs.acs.org/JCTC

puri cation may spoil the time reversibility, this has noof predicting a guess density by extrapolating information

noticeable eect in practice. available from previous MD steps as a mapping between two
The very noisy starting conditions are apparent from theector spaces, that is, the space of molecular descriptors and

energy prdes that exhibit large oscillations in #is&écouple  the tangent plane. This geometric approach can be seen as an

of hundreds of femtoseconds. alternative to extrapolating quantities derived from the density,
To better estimate the short- and long-time energy stabilitguch as the Fock or KohBham matrix, as proposed by Pulay

we report infable 4the average short-timectuation (STF) and Fogardsand by Herbert and Head-Gordaodowever,

the framework we developed, using molecular descriptors and

Table 4. Short- and Long-Term Stability Analysis of the G- a general linear extrapolation technique, can in principle be

Ext(3) and G-Ext(6) Methods, Compared to the XLBO easily extended to such approaches.

Algorithm with McWeeny Purcation, for the 3HF SysteTn That being said, our choices of both the molecular

descriptor and of the extrapolation strategies are far from

conv. 10° conv. 10° conv. 107 being unique. In recent years, molecular descriptors gained

method STF LTD  STF  LTD  STF  LTD attraction within the rise of machine-learning (ML)
XLBO/MW  0.55 004 055 003 057 003 techniques. Our choice, namely, using the Coulomb matrix,
G-Ext(3) 055 042 057 015 053  0.04 is only one of the many possibilities, and while being simple
G-Ext(6) 056 053 052 013 057 0.04 and eective, more advanced descriptors may be used and

3For each method, we report the STF and the LTD and the averag@ssibly improve the overall performances of the method. We
number of SCF iterations, for three convergence thresholds of tAésO used a straightforward (stabilized) least-square interpola-
SCF algorithm. tion of the descriptors at the previous point to compute the
extrapolation coeients for the densities. This strategy is,
and LTD of the energy. The former is computed by taking thagain, simple yetective. However, many other approaches
RMS of the energyuctuation every 50 fs and averaging thecan be used. In particular, ML techniques may not only
results over the trajectory, discardingrste500 fs, the latter ~ provide a very accurate approximated map but alsbdiene
by tting the energy with a linear function and taking the slopdarger amount of information (i.e., use the densities computed
All methods show comparable short-term stability, which & a large number of previous steps), further improving the
to be mainly ascribed to the chosen integration time step. Geecuracy of the guess. Improvements on the descriptors and
the other hand, from both the resultSainle 4andFigure 1 extrapolation strategies are not the only possible extensions of
we observe a clear drift of the energy when the G-Ext meth#ite proposed method. A natural extension that is under active
is used. In particular, the system cools of about 10 kcal/miivestigation is the application to the G-Ext guess to geometry
with either G-Ext(3) or G-Ext(6). The XLBO trajectory, optimization, for which the XLBO scheme cannot be used.
despite the McWeeny puration, exhibits an almost perfect Overall, even the simple choices made in this contribution
energy conservation. produced an algorithm that exhibits promising performances.
These results are not surprising but should be taken inig all our tests, the G-Ext method outperformed the well-
account when choosing to use the G-Ext guess, which,eBtablished XLBO technique, especially for tighter SCF
coupled to a 18 SCF convergence threshold, cannotaccuracies which may be relevant for post-SCF BOMD
guarantee long-term energy conservation. The drift is overg@imputations, including computations on excited-state PES.
not too large and can be handled using a thermostat. Wheth#hile we tested the method only for KS DFT, it can also be
or not the trade between performances and energysed for HF or semiempirical calculations. The main
conservation is acceptable for a production simulation isdisadvantage of the proposed strategy with respect to the
decision that ultimately lies with the user. XLBO method is, however, the lack of time reversibility, which
Increasing the accuracy of the SCF computation improvéanifests itself as a lack of long-term energy conservation. In
the overall stability for G-Ext, which is already good %t 10 particular, for longer MD simulations, the total energy may
and becomes virtually identical to the orerenl by the  exhibit a visible drift, which is something that the user must be

XLBO method at 10. aware of. In our test, the observed drift was relatively small and
the use of a thermostat should be enough to avoid problems in
4. CONCLUSIONS practical cases; however, this is a clear, and expected, limitation

In this contribution, we presented an extrapolation scheme & the proposed approach. We note that using a tighter SCF
predict initial guesses of the density matrix for the SCEonvergence, which is also the case where the proposed
iterations within BOMD. What makes our approach new i§'ethod shows its best performances and produces an energy
that we enforce the idempotency of the density matrix byONserving trajectory, even starting from very noisy conditions.
extrapolating not the densities themselves but their map ontd‘a time-reversible generalization of the G-Ext method is
vector space, which is the tangent plane to the manifold of tReYWays particularly attractive and is at the moment under
physically acceptable densities. Such a map is locally bijecBgve investigation.

so that after performing the extrapolation, we can map the new

density back to the original manifold, providing thus an ASSOCIATED CONTENT

idempotent density. The main element of novelty of the: sypporting Information

algorithm is that by working on a tangent space, it allows ORge Supporting Information is available free of charge at

to use any linear extrapolation technique, while, at the sam@ys://pubs.acs.org/doi/10.1021/acs.jctc. 100751
time, automatically ensuring the correct geometrical structure

of the density matrix. As such, the technique presented in this Julia template of the G-Ext algorithm is available at
paper can be seen as a simple case of a more general https:/github.com/epolack/GExt.jlgure representing
framework. Such a framework allows one to recast the problem  the total energy computation with an SCF convergence
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