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�`���^ �4�B�J�M�J�O�H �J�O�T�U�S�V�D�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`���_ �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� ���0�'�/�$�.�����'� �+�-�*���'� �(�. ���)�� ���+�+�'�$�����/�$�*�)�. �µ�º

�M�M ���*�'���-�$�.�����'� ���'���.�.�$�����' �(�*�'� ���0�'���- ���4�)���(�$���. �µ�¼
�`�`���X �1�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���Y �%�F�S�J�W�B�U�J�P�O �P�G �&�n�X�c�[�Œ�T �T�V�N�N�B�U�J�P�O �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���Z �&�U�D�J�F�O�U �F�W�B�M�V�B�U�J�P�O �P�G �S�F�D�J�Q�S�P�D�B�M �T�V�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���[ �(�F�O�F�S�B�M�J�T�B�U�J�P�O�T �G�P�S �X�d�f�\�Y�X �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���\ �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�M�M�M ���0�'�/�$�.�����'� �����ÿ�$�)�$�/�$�* �(�*�'� ���0�'���- ���4�)���(�$���. �¹�º
�`�`�`���X �1�S�P�C�M�F�N �T�F�U�U�J�O�H �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`�`���Y �.�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`�`���Z �.�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`�`���[ �4�V�Q�Q�P�S�U�J�O�H �B�S�U�J�D�M�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`�`���\ �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�M�Z �
�$�)� ���- �.�����'�$�)�" �(� �/�#�*�� �!�*�- �+�*�'���-�$�.�����'� �(�*�'� ���0�'���- ���4�)���(�$���. �»�¶
�`�m���X �1�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���Y �'�P�S�N�V�M�B�T �G�P�S �T�Q�I�F�S�J�D�B�M �I�B�S�N�P�O�J�D�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���Z �(�F�O�F�S�B�M�J�T�B�U�J�P�O �P�G �U�I�F �G�B�T�U �N�V�M�U�J�Q�P�M�F �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���[ �4�P�G�U�X�B�S�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �G�P�S �X�d�f�\�Y�X �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���\ �3�F�T�V�M�U�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���] �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������



�$�P�O�U�F�O�U�T

�� ���3�/�-���+�*�'���/�$�*�) �/� ���#�)�$�,�0� �. �!�*�- �,�0���)�/�0�( �(� ���#���)�$���. �+�-�*���'� �(�. �´�³�¼

�Z ���3�/�-���+�*�'���/�$�*�) �0�.�$�)�" �/�#� �(���"�$�� �+�*�$�)�/�. �(� �/�#�*�� �´�´�´
�m���X �1�S�P�C�M�F�N �T�F�U�U�J�O�H �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m���Y �4�V�Q�Q�P�S�U�J�O�H �B�S�U�J�D�M�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m���Z �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�Z�M ��� �)�.�$�/�4 �(���/�-�$��� �. � �3�/�-���+�*�'���/�$�*�) �´�·�´
�m�`���X �1�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���Y �"�Q�Q�M�J�D�B�U�J�P�O �U�P �O�P�S�N�B�M �N�P�E�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���Z �"�Q�Q�M�J�D�B�U�J�P�O �U�P �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���[ �4�V�Q�Q�P�S�U�J�O�H �B�S�U�J�D�M�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���\ �4�V�Q�Q�P�S�U�J�O�H �Q�P�T�U�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���] �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
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�
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�����-�*�)�4�(�. �´�¹�¼

���*�(�+�'� �/� ���$���'�$�*�"�-���+�#�4 �´�º�´

���0�/�#�*�-� �� �+�0���'�$�����/�$�*�)�. �´�º�¼

��� �/���$�'� �� �/�����'� �*�! ���*�)�/� �)�/�. �´�»�´
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�
�M�W�X �S�J ���M�K�Y�V�I�W

�`�`���V �4�D�I�F�N�B�U�J�D �U�X�P���E�J�N�F�O�T�J�P�O�B�M �M�B�U�U�J�D�F �X�J�U�I �B �Q�S�J�N�J�U�J�W�F �V�O�J�U �D�F�M�M �B�U �U�I�F �D�F�O�U�S�F �� �� �� ������
�`�`���W �3�B�O�H�F �T�F�Q�B�S�B�U�J�P�O �J�O ���% �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���X �3�B�O�H�F �T�F�Q�B�S�B�U�J�P�O �J�O ���% �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���Y �%�J�R�F�S�F�O�U �N�F�U�I�P�E�T �P�G �T�V�N�N�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���Z �&�Y�U�S�B�Q�P�M�B�U�J�P�O �P�G �U�I�F �N�F�T�I �T�J�[�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���[ �4�D�I�F�N�B�U�J�D�T �G�P�S �U�I�F �J�O�U�F�S�Q�P�M�B�U�J�P�O �J�O �U�X�P �E�J�N�F�O�T�J�P�O�T �P�O �G�P�V�S �Q�P�J�O�U�T �� �� �� �� �� �� �� ������
�`�`���\ �*�O�U�F�S�Q�P�M�B�U�J�P�O �T�D�I�F�N�F �G�P�S �Q�B�S�U�J�D�M�F �N�F�T�I �&�n�X�c�[ �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�`���] �#�B�M�M
� �F�N�C�F�E�E�F�E �J�O �B �N�F�E�J�V�N �X�J�U�I �E�J�F�M�F�D�U�S�J�D �Q�F�S�N�J�U�U�J�W�J�U�Z�œ �� �� �� �� �� �� �� �� �� �� ������

�`�`�`���V �8�P�S�L�T�P�X �G�P�S �U�I�F �h�d���d�d �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�`�m���V �#�P�Y �M�F�O�H�U�I �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`�m���W �5�J�N�J�O�H�T �G�P�S �Q�P�M�B�S�J�T�B�C�M�F �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �P�O �E�J�R�F�S�F�O�U �T�J�[�F�T �P�G �X�B�U�F�S �C�P�Y�F�T �� ������
�`�m���X �4�U�S�P�O�H �T�D�B�M�B�C�J�M�J�U�Z �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���Y �8�F�B�L �T�D�B�M�B�C�J�M�J�U�Z �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���Z �[�_�]�i �X�J�U�I�P�V�U �Q�P�M�B�S�J�T�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���[ �[�_�]�i �X�J�U�I �X�d�f�\�Y�X �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���\ �&�O�F�S�H�Z �D�P�O�T�F�S�W�B�U�J�P�O �G�P�S �U�I�F �E�S�P�O�Q�B �Q�S�P�U�F�J�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���] �4�P�M�W�B�U�F�E �[�_�]�i �X�J�U�I �Q�P�M�B�S�J�T�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�`�m���^ �&�O�F�S�H�Z �E�S�J�G�U �P�G �U�I�F �E�S�P�O�Q�B �Q�S�P�U�F�J�O �X�J�U�I �Q�P�M�B�S�J�T�B�C�M�F �D�P�O�U�J�O�V�V�N �N�P�E�F�M �� �� �� �� �� ��������

�m�`���V �4�D�I�F�N�B�U�J�D �J�M�M�V�T�U�S�B�U�J�P�O �P�G �B �N�B�O�J�G�P�M�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�m�`���W �-�J�O�L �C�F�U�X�F�F�O �U�I�F �,�P�M�N�P�H�P�S�P�W
D���X�J�E�U�I �B�O�E �U�I�F �P�C�K�F�D�U�T �P�G �U�I�F �(�S�B�T�T�N�B�O�O�J�B�O �� ��������
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ABSTRACT:A fully polarizable implementation of the hybrid quantum
mechanics/molecular mechanics approach is presented, where the classical
environment is described through the AMOEBA polarizable force� eld. A
variational formalism, o� ering a self-consistent relaxation of both the MM
induced dipoles and the QM electronic density, is used for ground state
energies and extended to electronic excitations in the framework of time-
dependent density functional theory combined with a state speci� c response of
the classical part. An application to the calculation of the solvatochromism of
the pyridiniumN-phenolate betaine dye used to de� ne the solvent ET(30)
scale is presented. The results show that the QM/AMOEBA model not only
properly describes speci� c and bulk e� ects in the ground state but it also
correctly responds to the large change in the solute electronic charge distribution upon excitation.

1. INTRODUCTION

The idea of studying an intrinsically quantum-mechanical
(QM) process taking place in a complex environment by
partitioning the whole system into a (smaller) subsystem (S)
and the environment (E) has a long history in quantum
chemistry. Within this framework,Sis identi� ed as the minimal
subunit where the process occurs, and is described using an
accurate albeit expensive level of theory, typically QM, whereas
the environment is treated at a much lower detail but su� cient
to properly describe its e� ects on the process under study. Two
alternative strategies are most commonly followed: one can
either model the environment as a polarizable continuum1,2 or
employ an atomistic description ofE by introducing a
molecular mechanics (MM) force� eld (FF).3Š7 The latter
class of approaches is commonly referred to as QM/MM, and is
widely used, particularly when electronic processes in complex
environments are studied.

Since the� rst formulations, di� erent QM/MM approaches
have been proposed; in most of them, theef fectiveHamiltonian
de� ning the electronic properties of the QM subsystem in the
presence of the MM system is divided into a term describing
the isolatedS and a term taking into account its electrostatic
interaction with the classical environment through point
charges centered on the MM atoms. This formulation, known

as“electrostatic embedding”, is nowadays the most common
QM/MM formulation: it in fact allows one to include the
e� ects of the classical subsystem in the determination of the
QM electronic density and all its related properties. What,
however, this approach still misses is the possibility forE to
polarize in response to the charge density (and its eventual
changes) of theS subsystem. To include such a mutual
polarization e� ect, an extension of the QM/MM formulation
beyond the electrostatic embedding is necessary and di� erent
alternative strategies have been proposed so far.8Š20 In this
work, we will illustrate the theoretical development and the
computational implementation of a novel polarizable QM/MM
approach, based on the AMOEBA polarizable FF,21Š23 which
we will refer to as QM/AMOEBA. Within this framework, the
environment polarization is achieved through the use of atomic
point dipoles, which are induced as a response to the electric
� eld generated by theSsystem as well as the same MM sites
bearing distributed multipoles up to quadrupoles. An approach
to couple AMOEBA to a QM package has been recently
proposed24 in the framework of a non-self-consistent
procedure. In this contribution, for the� rst time in the context
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of AMOEBA, the global relaxation of the mutual QM/MM
polarization is achieved by solving the QM/AMOEBA
equations in a self-consistent manner, without approximations.

The implementation is further extended to describe
electronically excited states. As a matter of fact, nonpolarizable
QM/MM formulations can be easily extended to excited states,
as the“new” operator has a one-electron nature. When a
polarizable embedding like AMOEBA is used instead, a
di� culty appears when a linear response (LR) approach like
that commonly used in the time-dependent density functional
theory (TD-DFT) is used. In the LR formulation, in fact, the
whole spectrum of the excitations of interest is determined in a
single step calculation by solving for the poles of the proper
response function. When the same problem is formulated
within a polarizable embedding, an additional contribution has
to be taken into account, namely, the dynamic response of the
E subsystem. In the standard formulation of polarizable models
(both in their continuum and MM formulations), such a
response is calculated through the transition densities
corresponding to the di� erent excitations: the oscillating
transition density of theS subsystem induces an oscillating
polarization in theE subsystem which creates an in-phase
response acting back to the transition density.25,26 This LR
formulation has been shown to properly describe the dynamic
environment e� ect in excitations involving bright states
characterized by a large transition dipole moment.27 The
same formulation, however, lacks the capability of describing
the relaxation of the environment in response to the changes in
the QM density upon excitation: it is therefore not suitable to
model excitations involving large changes such as charge-
transfer (CT) like excitations. To overcome this shortcoming,
various models have been introduced to recover a state-speci� c
(SS) description of the response both within a continuum28Š30

or an MM formulation.20 Here we adopt a perturbative
correction which is exactly equivalent to the so-called corrected
linear response (c-LR) scheme originally developed for
polarizable continuum models.28 Within this framework, a
relaxed density matrix is calculated for the excited state of
interest and the corresponding excitation energy is corrected
for the interaction with the proper induced dipole moments
within the environment.

To show the potentialities of the method, we have selected a
very well-known solvatochromic probe, namely, the pyridinium
N-phenolate betaine dye (or“betaine-30”). Due to its large
negative solvatochromism combined with a high solubility in
many di� erent solvents, it was proposed as a solvatochromic
indicator for the determination of the solvent polarity, through
an empirical scale calledET(30).31,32 From a computational
point of view, this molecule is really challenging for at least two
reasons: (i) it is zwitterionic in its ground state and (ii) the
excitation is related to an intramolecular charge transfer (CT)
between the pyrimidine and phenolate moieties which acts to
reduce the zwitterionic character. For such a kind of excitation,
the solvation model not only needs to be able to properly
describe both speci� c and bulk e� ects in the ground state, but it
also has to correctly respond to the large change in the
electronic charge distribution from the ground to the excited
state. We will show that both of these requirements are fully
satis� ed by our implementation of the QM/AMOEBA.

2. THEORY AND IMPLEMENTATION
2.1. The AMOEBA Force Field.One of the main

characteristics of AMOEBA is the improved description of

the electrostatics through atomic multipoles, up to the
quadrupoles, placed on each classical atom. Polarization e� ects
are included by using an induced point-dipole model within the
smeared Thole damping interaction scheme.33 This is achieved
by also providing the classical atoms with atomic polar-
izabilities. In general, the polarizability� i is a symmetric matrix;
in practice, the scalar isotropic polarizabilities ��� � � tr( )i i

1
3

are used instead.
In a purely classical framework, at each polarizable sitei, the

static multipolar distribution generates an electric� eld E�i that
induces an electric point-dipole moment,� �i. The set {� �i} i=1

NPol is
the unknown of the polarization problem and the minimizer of
the functional34
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(1)

where indexes� and � generally indicate Cartesian
components, for which the Einstein summation convention is
assumed;Ei and� i are the electric� eld and the induced dipole,
both at atom sitei. Note that we will generally assume that,
while all the classical sites are characterized by multipole
moments, not all of them will be polarizable, i.e., associated
with a polarizability. The number of classical and polarizable
sites are indicated asNMM andNPol, respectively, withNMM �
NPol. Further details can be found in previous works on the
force � eld;23,34 here, we only recall the expression for the
(damped) dipole interaction tensor:
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Several damping schemes to avoid the well-knownpolarization
catastrophecan be found in the literature.33,35Š37 The scheme
employed in AMOEBA makes use of an exponential damping
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where � �= � �� �u r /( )ij ij i j
1/6 is theef fective distancebetween two

polarizable sitesi andj.
In a more compact notation,E = (E�1

T, E�2
T, ...,E�NPol

T )T and� =
(� �1

T, � �2
T, ...,� �NPol

T )T are the collections of the electric� eld and
induced point dipoles at each polarizable site, while the
symmetric, positive de� nite matrixT, the size of which is 3NPol
× 3NPol and which is usually called the polarization or
interaction matrix, is de� ned as ineq 4, where( )ij�; is the 3× 3
matrix de� ned as ineq 2.
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Equation 1can now be rewritten in matrix form as
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� � �= Š• •T E
1
2

Pol�,
(5)

It is possible to� nd the polarization energy as the minimum of
Pol�, with respect to the induced point dipoles,34 which

corresponds to the solution to the linear system

�
�

�
�

= Š =T E 0
Pol�,

(6)

This is the general formulation of the polarization problem,
and is clearly variational. In the case of AMOEBA, however, the
polarization energy is no longer a variational functional of the
induced dipoles. This is due to the fact that two sets of induced
dipoles are generated by two electric� elds, di� ering for the
scaling of the local interactions. Particularly, one set of dipoles,
indicated as� d, is due to the so-called“direct� eld” Ed, which is
produced by multipoles placed on all the other classical sites.
The other set, indicated as� p, is induced by a“polarization
� eld” Ep, where the contribution of the 1Šn (wheren = 2,3,4,5)
neighbors is scaled. A more detailed treatment on this point can
be found in other works of some of us.38 Here it su� ces to say
that the previous expression can be recast taking into account
the di� erent� elds and induced dipoles. We recall that

�= Š • E
1
2A

Pol
d p�,

(7)

is the proper expression for the AMOEBA polarization energy.
Imposing the stationarity conditions for both sets of dipoles
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T E

T E
d d

p p (8)

where each set of induced dipoles is the variational minimizer
of the corresponding energy functional, it is possible to
reformulate the AMOEBA polarization energy as the
combination of three variational expressions,� nally obtaining

� � � � � �= Š +• • •T E E( , )
1
2

1
2

( )A
Pol

d p d p p d d p�,
(9)

2.2. An SCF-QM/AMOEBA Formulation.The coupling of
a classical description of the environment with SCF-based
methods has already been discussed, especially for polarizable
continuum solvation models in a variational scheme.39,40

Generalizing those formulations to the QM/AMOEBA
approach, the global variational energy functional can be
written as the sum of three terms: (i) a purely QM energy
functional, i.e., the SCF energy functionalQM�, ; (ii) a purely
MM term given by the sum of the bonding, dispersion/
repulsion, electrostatic, and polarization terms according to
their de� nition within the AMOEBA FF; and (iii) a coupling
term; namely, we have
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where in the RHS of the equation we added together the
coupling and MM energy functionals inEnv�, . Notice how the
variational strategy, by introducing the global energy functional
in eq 10, automatically takes into account the mutual
polarization e� ects between the QM density and the induced
dipoles.39,41

The variational environment term,Env�, , can be written as
the sum of a constant MM contributionFF�, which does not
depend on either the electronic density or the induced dipoles,
a polarization energy, and a QM/MM coupling part. For the
following manipulations, it is convenient to write separately the
interaction of the QM density with the static multipoles as

P( )QM/MM�, , and to add the interaction between the induced
dipoles and the QM density to the polarization energy, from

now on named �� P( , )
Pol

�, ; the resulting expressions of the
various terms are

� �= + � +P PP( , ) ( , ) ( )Env FF Pol QM/MM� , � , � , � ,(11)
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� � �= Š Š• • •P q V P P E PE( ) ( ) ( ) ( )QM/MM QM
s

QM QM�,
(13)

where qi, � �s,i, and � i are the� xed charges, dipoles, and
quadrupoles, respectively.

The electronic terms ofQM/MM�, in eq 13can be expressed
as functions of the one-particle electron density matrix
elements










�

�

�

�

�

�

� �

� �

� �

� = �

= Š
� �

| �Š �|

� � = �

=
� � �Š �

| �Š �|

� � � � = �

= � � � �

��
�� ��

��
��

� �

��
�� ��

��
��

� �

��
�� ��

��
�� � �

�

�

�
�
�
�
�
�
�
�
�

�

�
�
�
�
�
�
�
�
�

�5

�5

�5

P

P

P

V r P V r

P
r r

r r
r

E r P E r

P
r r r r

r r
r

E r P G r

P r r E r r

( ; ) ( )

( ) ( )
d

( ; ) ( )

( ) ( )( )
d

( ; ) ( )

( ) ( ) ( ) d

i

N

i

N

i

i

N

i

N
i

i

i

N

i

N

i

QM

3

QM

3
3

QM

3

b

b

3

b

b

3

b

b

3
�1

(14)

where the electron densityP has been expanded in a basis of
atomic orbitals and�1 is the Jacobian of the electric� eld with

elements � � =��
� �

�

�

�
E r( ) ( ) E r

r
( )�1 , with � and � being generic

Cartesian components. The corresponding terms induced by
the nuclear distribution are trivial and are not reported.

Imposing the stationarity conditions for the global functional
in eq 10, taking into account the constraints on the electronic
density matrices, gives the coupled QM/AMOEBA equations.

The QM/AMOEBA Fock matrixF� is obtained by di� er-
entiatingeq 10with respect to the density matrix:
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where the termF(0) of eq 15corresponds to the Fock matrix of
the pure QM electronic problem, whileFEnv is the contribution
to F�from the classical environment. The elements of the latter
can be written as

� � ��= Š Š Š +�� �� �� �� � �
• • • •q V E G EF

1
2

( )Env
s p d (16)

where the matricesV�� , E�� , andG�� are those appearing ineq
14. Note that theE�� elements involved in the second term on
the RHS ofeq 16are formally identical to those appearing in
the � rst one but are computed over a di� erent set of atomic
sites (the polarizable ones only).

The linear equations for the dipoles are obtained by setting
the derivatives ofeq 10with respect to both sets of dipoles to
zero:
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Notice that the Fock matrix depends on the induced dipoles
and that the RHSs of the dipole equations depend on the
density matrix: the two sets of equations are therefore coupled,
accounting correctly for the mutual polarization of the QM and
classical charge densities. The coupled equations need to be
solved iteratively, which is not a problem in practice, as the SCF
equations are already solved with an iterative algorithm. We
note that the matrixT depends only on geometrical parameters,
and can be computed and inverted at the� rst SCF cycle, thus
reducing the computational requirements at the following steps.
Alternatively, this problem can also be e� ciently solved with an
iterative procedure (seesection 2.4for more details).

2.3. Extension to Electronic Excitations.The discussion
so far has involved the energies and properties of the electronic
ground state. To extend the treatment to excited states, we
follow a linear response theory for SCF methods. A complete
derivation of the polarizable QM/MM LR response equations
can be found elsewhere;14,41 here it su� ces to say that the
electronic transition energies� K and densitiesXK, YK are found
by solving the modi� ed Casida equations42
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The matricesA�andB�are de� ned as
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where � are the orbital energies, (pq|rs) are two-electron
integrals in Mulliken notation, and we assume that the orbitals
are real and the coe� cientscx andcl de� ne whether we are
considering the HartreeŠFock theory (cx = 1,cl = 0), pure DFT
(cx = 0,cl = 1), or hybrid DFT. The elements of matrixCPol are
due to the environment polarization:
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The matrixCPol depends on the dipoles� T induced by the
transition densityPK

T = XK + YK, which are obtained by solving,

for each couple of transition vectorsXK, YK, the response linear
equations

� =T E P( )T
K
T

(21)

where
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Notice that in the right-hand side ofeq 21only the electric� eld
due to the transition density appears: as the classical multipoles
do not contribute to the transition dipoles, the p and d
response dipoles introduced insection 2.1are identical. Again,
the modi� ed Casida equations depend (linearly) on the
transition induced dipoles, which in turn depend (linearly)
on the transition vectorsX, Y: although the coupling is linear, it
is still convenient to solve the couple equations iteratively, by
solving the transition dipole equations at each step of the
iterative procedure used to solve the Casida equations.

The great advantage of the LR scheme is that it allows one to
obtain a whole spectrum of transition energies at once. If the
system is isolated, it provides the same results as state speci� c
(SS) approaches, where instead the wave function of each
excited state is explicitly computed. By contrast, the
introduction in the Hamiltonian of a nonlinear term due to
the presence of a polarizable environment results in a formal
di� erence between the two approaches.25,43 For this reason, a
correction to the LR scheme (calledcorrectedlinear response, c-
LR) has been proposed.28 The di� erence between the two
approaches (LR and c-LR) can be depicted by a two-step
process for excitation in solution: First, the molecule in its
ground state, in equilibrium with the solvent, is excited to the
stateK in the presence of a solvent response frozen to the one
of the solute ground state. The description for this step of the
process is the same in both of the approaches. In the second
step, the fast electronic degrees of freedom of the solvent
equilibrate with the electron density of the solute excited state,
and in this part of the process, the LR framework lacks in taking
explicitly into account the energy variation accompanying this
relaxation, whereas it accounts for a correction which, being
originated by the dynamic soluteŠsolvent interactions, can be
classi� ed as a part of dispersion. The working equation, namely,

�	 	 �= Š � � � �� � �r E rP P
1
2

( ; ) ( , )K K
P

N

P P K P K
c LR 0

Pol

(23)

corresponds to the expression of the c-LR transition energy for
the Kth excited state. In this formulation,� K

0 represents the
response of the system in a solvent frozen in its initial
con� guration (corresponding to the system in its ground state),
and it is the solution of a non-Hermitian eigensystem as ineq
18, whereCai,bj

Pol = 0 but the orbitals and their corresponding
energies, employed to build the A and B matrices have been
obtained by solving the SCF equation for the solvated system.
PK

� is the so-calledrelaxed-density matrix, computed through the
so-calledZ-vector approach44 as

= +�P P ZK K
T

K (24)

wherePK
T is the unrelaxed density matrix with elements given in

terms of the transition vectors|XK, YK� , and theZ-vector
contributionZK accounts for orbital relaxation e� ects.

2.4. Implementation. The hybrid QM/AMOEBA method
has been implemented in a development version of the
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Gaussian software.45 In the present implementation, the
program computes all the terms that depend on the QM
density, including the sets of induced dipoles. The+FF (0)� , � ,
energy terms depend neither on the QM density nor on the
induced dipoles and, in a static picture, are constant.

In order to compute the induced dipoles, both an inversion
approach and an iterative one have been implemented. In the
former case, the polarization matrix (eq 4) is computed and
inverted only once during the� rst step of the SCF and then
stored and multiplied for the appropriate� eld to obtain the
solutions to the polarization problem. At each SCF cycle, only
two matrix-vector products (one per set of dipoles) need to be
performed, concentrating the computational e� ort almost
entirely in the� rst SCF step.

By contrast, in the iterative approach, the polarization
equations are solved iteratively at each SCF step or at each step
of the iterative solution of the Casida equations, using as a
guess the induced dipoles of a previous step, when available.
Two algorithms have been implemented: Jacobi iterations
coupled with direct inversion in the iterative subspace (JI/
DIIS) and the preconditioned conjugate gradient (PCG).34,46

Both are available for the ground and LR excited state
problems.

The advantage of the inversion approach is that the most
expensive part of the procedure, i.e., the matrix inversion, needs
only be performed once. However, the computational cost of
such an operation grows with the cube of the number of
polarizable sites: for large systems, iterative alternatives become
mandatory. Furthermore, iterative methods can be easily
combined with fast summation techniques, such as the fast
multipole method,46,47 in order to achieve linear scaling in
computational cost for the solution of the polarization
equations. We here present the relative time requirements for
the computation of the induced dipoles in the whole SCF
procedure, using the inversion and iterative algorithms. The
calculations have been performed on the test system whose
results will be discussed insection 3. The dimension of the
polarization problem has been arti� cially varied, by considering
various polarization cuto� s, i.e., by including a di� erent number
of induced dipoles. The dimensions of the QM system, as well
as that of the nonpolarizable classical environment, have been
kept� xed.Figure 1reports the dependence of the relative times
on the number of induced dipoles.

From the plots reported in the� gure, it is clear that the
iterative procedures are more convenient than the inversion
one. This becomes more evident as the size of the problem
increases, since both JI and PCG algorithms scale quadratically
with the number of induced dipoles, while the inversion
algorithm, LU decomposition, is characterized by a cubic
scaling. In particular, when the polarization radius is increased
from 7 to 20 Å (number of dipoles increasing by� 10× from
765 to 7338), the inversion algorithm increases by� 300×. For
both JI and PCG algorithms, the relative increase is� 60×.

Furthermore, when the number of polarizable dipoles is
small (polarization radius 7 Å, 765 dipoles), even if the JI/PCG
methods are faster than the inversion one, the choice of the
solution scheme does not really matter, since the relative time
to solve for the induced dipoles with respect to the total time is,
for each of the three cases, less than 0.1%. This is no longer true
in the most expensive case (polarization radius 20 Å, 7338
dipoles), where almost 16.5% of the time for the calculation is
spent in computing the induced dipoles with the inversion

method (the iterative solutions take less than 1% of the total
time).

3. A TEST CASE: THE SOLVATOCHROMISM OF
BETAINE-30

In this section, we present an application of the QM/AMOEBA
implementation to the simulation of the excitation energies of a
well-known solvatochromic probe, the pyridiniumN-phenolate
betaine dye, from now on indicated as”betaine-30” (seeFigure
2). The solvent we selected for this test case is water, since it

constitutes one of the most interesting cases due to its high
polarity combined with a hydrogen-bonding character. In
particular, we will try to dissect these two components of the
solvent e� ect by comparing QM/AMOEBA with a continuum
description using the polarizable continuum model (PCM)
within its integral equation formalism (IEF).48 We recall that
this model describes the environment as a structureless
continuum, characterized by its macroscopic dielectric function.
A cavity containing the solute is built around it, and the solvent
polarization as a response to the solute charge density is
represented by an induced surface charge distribution on the
cavity.

Figure 1.Relative times needed to solve for the induced dipoles, using
di� erent methods. Green line, inversion; red line, Jacobi iterations;
blue line, preconditioned conjugate gradient. The times are cumulative
and refer to the sum of all SCF cycles until convergence is reached.
The number of SCF cycles considered is the average one across the
various structures considered. The values have been normalized for
comparison with respect to the time required to solve the smallest
polarization problem (7 Å polarization radius, 765 induced dipoles)
with the inversion procedure.

Figure 2.Betaine dye studied.

Journal of Chemical Theory and Computation Article

DOI:10.1021/acs.jctc.6b00385
J. Chem. Theory Comput.2016, 12, 3654Š3661

3658

�$�I�B�Q�U�F�S �^�^�^ �.�V�M�U�J�T�D�B�M�F �B�C���J�O�J�U�J�P �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T

����



In order to obtain a realistic sampling of the soluteŠsolvent
interaction, a well-established procedure has been applied,
which makes use of snapshots extracted from a classical
molecular dynamics (MD) simulation with the AMBER general
force� eld for organic molecules. An optimized geometry of the
dye was solvated with a cubic box containing 11380 water
molecules, described at the TIP3P level,49 with dimensions of
74× 72× 78 Å3. The system was heated from 0 to 300 K for
100 ps with a 2 fs time step, employing the SHAKE algorithm50

as in all the following steps. The Berendsen thermostat51 was
used to control the temperatue. A 200 ps equilibration in the
NVT ensemble was then performed. Before the actual
production, the system was further equilibrated in the NPT
ensamble at 1 atm for 5 ns. Here, the Monte Carlo barostat
implemented in Amber1452 was employed. In the 30 ns long
MD simulation, the betaine-30 was kept frozen in its ground
state equilibrium geometry (computed at the QM/PCM level).
A set of 100 uncorrelated snapshots was extracted, on which
the QM/AMOEBA calculations were performed. Since the
e� ect of polarization is short-ranged, and the computational
cost increases markedly with the number of induced dipoles,
only the classical atoms within a certain radius (thepolarization
radius, Rpol) were allowed to polarize. The optimal value of the
radius was chosen after performing a convergence test, where
the � rst three excited states of the solvated betaine dye were
computed at increasing values ofRpol. The results, reported in
Figure 3, show that convergence can be observed starting from
10Š12 Å. A safe value ofRpol = 15 Å was chosen and employed
in all of the calculations presented.

All calculations (geometry optimizations and excitation
energies) have been performed at the (TD)DFT level of
theory using the CAM-B3LYP exchange-correlation func-
tional53 together with the 6-31+G(d,p) Gaussian basis set.
We particularly focused on the properties of the lowest (bright)
excitation, on which theET(30) scale is based. The excitation
shows a strong charge-transfer character, and for this reason,

the corrected linear response (c-LR) approach28 is expected to
give a more accurate picture than the standard LR.

The results obtained with the three di� erent QM/AMOEBA
responses described insection 2.3(namely,� 0, LR, and c-LR)
are summarized inFigure 4.

From the comparison, it is evident that the e� ects of the
relaxation of the solvent, which we include through a c-LR
formulation, play an important role, as a signi� cant redshift (of
about 0.2 eV) is observed with respect to the frozen solvent
approximation (� 0). As expected due to the CT character of
the excitation, the LR formulation does not change the� 0
value, as it cannot account for the e� ects of the rearrangement
of electron density undergone by the dye upon excitation.

The comparison with experimental data is, however, the
most interesting test. In order to be able to provide an analysis
which is not biased by systematic errors in the excitation
energies due to the QM level of theory, we compare the
computed and experimental gas-to-water solvatochromic shifts
instead of the absolute excitation energies. To better elucidate
the various e� ects that determine the observed solvatochromic
shift, i.e., short-range and speci� c interactions and the bulk
e� ects, it is useful to compare with two di� erent solvation
models. The� rst, QM/PCM, employs a purely continuum
description of the solvent, whereas the second, QM(ME)/
PCM, includes a“minimal environment” in the QM system, i.e.,
the two water molecules hydrogen-bonded to the oxygen of the
dye, while the rest of the solvent is still treated at the PCM
level. The latter model should better describe the combination
of short-range speci� c and bulk interaction with respect to the
QM/PCM analogue. In the QM(ME)/PCM calculation, the
con� guration of the QM water molecules has been optimized at
CAM-B3LYP/6-31+G(d,p). The results are reported inTable 1
(all data refer to c-LR calculations).

As expected, the QM/PCM model markedly underestimates
the solvatochromic shift with respect to the two other models
(and to experiments). This clearly shows that including an
atomistic description of the most strongly interacting water
molecules is fundamental to account for the di� erential
solvation e� ects in the ground and excited states of the
betaine-30. However, it is worth noting that the inclusion of the
two hydrogen bonded water molecules in the QM region in
combination with a continuum description (through the

Figure 3.Lowest three excitation energies of betaine-30 as functions of
the polarization radius,Rpol, with the total radius for the inclusion of
classical environment� xed at 25 Å. Blue, red, and yellow curves refer
to the� rst, second, and third excited states, respectively, calculated on
one snapshot at the TDDFT level, within the linear response
approach. A value ofRpol = 0 indicates that all of the solvent molecules
are nonpolarizable, and are only described in terms of� xed multipoles.

Figure 4.Distributions of the lowest (bright) excitation of betaine-30
calculated with the three di� erent QM/AMOEBA responses (LR, blue
line;� 0, yellow line; c-LR, red line). The curves are Gaussian� ts of the
histograms.
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QM(ME)/PCM model) still fails to recover a large portion of
the observed solvatochromic e� ects (namely, 0.4 eV are still
missing to reproduce the experiments). The inclusion of a
larger number of explicit solvent molecules with AMOEBA
instead leads to a solvatochromic shift which is almost exactly
equivalent to the experiments. Such an excellent agreement
might be fortuitous due to the many approximations introduced
in the comparison, such as the use of a calculated vertical
excitation and an experimental band maximum, and the
extrapolated value used for the experimental gas-phase value.
However, the additional +0.4 eV shift obtained going from the
QM(ME)/PCM to the QM/AMOEBA model clearly suggests
that the strong hydrogen-bonding e� ect is not the only source
of di� erences with respect to a purely bulk description. Looking
more deeply into the results, it is interesting to point out that
the di� erence between QM/AMOEBA and QM(ME)/PCM
solvatochromic shifts is already present at the� 0 level, which
means that the addition of the c-LR response is almost equally
described by the two models. We can thus speculate that the
zwitterionic nature of the betaine-30 ground state has a large,
speci� c, long-range e� ect in orienting the water molecules and
this leads to a� nal solvation e� ect that cannot be accurately
described with a pure continuum or a partial atomistic/
continuum approach.

4. CONCLUSIONS
We presented here the theoretical development and the
computational implementation of a polarizable embedding
QM/MM within the AMOEBA framework. The implementa-
tion accounts for a fully relaxed evaluation of the QM/MM
energy for both ground and excited states, in the framework of
a DFT/TD-DFT theory. In particular for the excited state, a
state-speci� c (SS) formulation of the response of the classical
part of the system has been used following the c-LR approach
originally developed within continuum models.28 The test case
of betaine-30 is presented and discussed in comparison with
purely continuum and mixed atomistic/continuum models: the
obtained results in the simulation of the large gas-to-water
solvatochromism of this dye show that the QM/AMOEBA
approach can describe with equal accuracy the e� ect of water
on the zwitterionic ground state and the modi� cation induced
by the excitation.

This work represents the� rst step of a series of new
developments toward a high-performance, parallel implementa-
tion of polarizable QM/MM molecular dynamics, which stems
from the recent developments in the implementation of
AMOEBA for classical MD simulations in the newly developed
Tinker-HP34,55Š57 code and with the implementation of a
versatile and transparent Tinker HP/Gaussian interface for
energy, gradients, and properties. The implementation of

analytical gradients for the QM/AMOEBA model and the
development of the Gaussian/AMOEBA interface will allow us
to exploit not only parallelism but also linear scaling
techniques46 in order to further reduce the overall computa-
tional cost due to the polarizable embedding. The addition of a
further layer to the model, namely, of a polarizable continuum
solvation model, will� nally allow one to deal with long-range,
bulk e� ects while, at the same time, reducing the portion of
environment to be treated explicitly. An innovative, parallel,
linear-scaling implementation of the conductor-like screening
model38,58,59 has already been coupled to AMOEBA for
classical MD simulations38 and to the MMpol dipole-based
polarizable force� eld for QM/MM calculations:46 the
combination of all the aforementioned developments will
result in a powerful and e� cient tool to investigate dynamic
properties and reactivity in complex environments.
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�5�P �P�C�U�B�J�O �Q�I�Z�T�J�D�B�M �Q�S�P�Q�F�S�U�J�F�T �G�S�P�N �B �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T�
 �X�F �I�B�W�F �U�P �T�B�N�Q�M�F �F�O�P�V�H�I �D�P�O�S�H�V�S�B�U�J�P�O�T
�P�G �U�I�F �N�P�M�F�D�V�M�B�S �T�Z�T�U�F�N �P�G �J�O�U�F�S�F�T�U�� �)�P�X�F�W�F�S�
 �F�Y�Q�M�J�D�J�U �T�P�M�W�F�O�U �N�F�B�O�T �U�I�B�U �M�P�U�T �P�G �E�Z�O�B�N�J�D �T�U�F�Q�T �X�J�M�M
�P�O�M�Z �T�F�S�W�F �U�P �T�B�N�Q�M�F �U�I�F �T�P�M�W�F�O�U�� �*�N�Q�M�J�D�J�U �T�P�M�W�B�U�J�P�O �N�B�Z �E�F�D�S�F�B�T�F �U�I�F �T�J�N�V�M�B�U�J�P�O �U�J�N�F �O�F�D�F�T�T�B�S�Z
�U�P �P�C�U�B�J�O �Q�I�Z�T�J�D�B�M �R�V�B�O�U�J�U�J�F�T �C�Z �N�B�L�J�O�H �V�T�F �P�G �D�P�M�M�F�D�U�J�W�F �W�B�S�J�B�C�M�F�T �G�P�S �U�I�F �T�P�M�W�F�O�U�� �"�T �B �Q�S�P�P�G
�P�G �D�P�O�D�F�Q�U�
 �X�F �V�T�F�E �U�I�J�T �N�F�U�I�P�E �G�P�S �U�I�F �S�S�T�U �T�F�D�U�J�P�O �P�G �U�I�F �E�S�P�O�Q�B �Q�S�P�U�F�J�O�
 �X�I�J�D�I �J�T �T�I�P�X�O �J�O
�'�J�H���`�m���^�G�P�S �B�O �P�S�E�F�S�î �� �� �V�T�J�O�H �U�I�F �Z�f�j�d�f �N�P�E�F�M �B�O�E�����
 �G�F�N�U�P�T�F�D�P�O�E �U�J�N�F���T�U�F�Q�T�� �&�W�F�O �U�I�P�V�H�I
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�	�B�
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��� �� �����
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�
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�	�C�
 �1�B�S�B�N�F�U�F�S�T���î�
 
��� �� �����
 �����
���B�O�E
�
������ �G�F�N�U�P�T�F�D�P�O�E �U�J�N�F���T�U�F�Q�T��

�'�J�H�V�S�F �`�m���]���4�P�M�W�B�U�F�E �[�_�]�i �X�J�U�I �Q�P�M�B�S�J�T�B�U�J�P�O�� �5�I�F �D�P�N�Q�V�U�B�U�J�P�O �X�B�T �E�P�O�F �P�O���� �Q�S�P�D�F�T�T�P�S�T �V�T�J�O�H
�B �T�Q�I�F�S�J�D�B�M �E�S�P�Q�M�F�U �S�F�T�U�S�B�J�O�U �C�F�U�X�F�F�O �B�U�P�N�T �P�G �T�J�[�F���
�
 �£�O�H�T�U�S�´�N�T�� �5�I�F �D�V�S�W�F�T �J�O
�C�M�B�D�L �B�S�F �G�P�S �B �D�P�O�W�F�S�H�F�O�D�F �G�P�S �Q�P�M�B�S�J�T�B�U�J�P�O �P�G���
 �-�� �B�O�E �U�I�F �P�O�F�T �J�O �C�M�V�F �G�P�S���
 �-�� ��

�5�B�C�M�F �`�m���\���4�I�P�S�U���U�F�S�N �T�V�D�U�V�B�U�J�P�O�T �B�O�E �M�P�O�H���U�F�S�N �E�S�J�G�U �J�O�L�D�B�M���N�P�M�G�P�S �U�I�F �U�P�U�B�M �F�O�F�S�H�Z �P�G �T�P�M�W�B�U�F�E
�[�_�]�i �G�P�S �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �X�J�U�I�
������ �G�F�N�U�P�T�F�D�P�O�E �U�J�N�F���T�U�F�Q�T

�k�f�c�\�i�X�e�Z�\ �g�X�i�X�d�\�k�\�i�j �j�k�] �c�k�[ �c�\�e�^�k�_

���
 �-�� �	�`�m���]�B�
�‘ �����
 �������
�� ������ �c ���
�-�� ������ ����
���
 �-�� �	�`�m���]�B�
�‘ �����
 �������
�� ������ �c ���
�-�� ������ ����
���
 �-�� �	�`�m���]�C�
 �����
 �����
�� ������ �c ���
�-�� ������ ����
���
 �-�� �	�`�m���]�C�
 �����
 �����
�� ������ �c ���
�-�� ������ ���


�‘�%�V�F �U�P �T�V�D�U�V�B�U�J�P�O�T�
 �X�F �E�P �O�P�U �B�D�D�P�V�O�U �G�P�S �U�I�F �S�S�T�U �Q�J�D�P�T�F�D�P�O�E �P�G �D�P�N��
�Q�V�U�B�U�J�P�O�T��
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�$�I�B�Q�U�F�S �^�k �-�J�O�F�B�S �T�D�B�M�J�O�H �N�F�U�I�P�E �G�P�S �Q�P�M�B�S�J�T�B�C�M�F �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T

�J�U�T �D�P�N�Q�M�F�Y�J�U�Z �J�T �M�J�O�F�B�S �J�O �U�I�F �O�V�N�C�F�S �P�G �Q�B�S�U�J�D�M�F�T�
 �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �B�S�F �T�M�P�X �U�P �Q�F�S�G�P�S�N�� �)�F�O�D�F�

�X�F �E�J�E �O�P�U �V�T�F �B �C�P�Y �T�J�[�F �B�T �C�F�G�P�S�F�
 �C�V�U �X�F �S�Y�F�E �U�I�F �I�F�J�H�I�U �P�G �U�I�F �I�J�F�S�B�S�D�I�J�D�B�M �U�S�F�F �U�P �S�W�F�
 �U�P
�C�F �B�C�M�F �U�P �V�T�F �N�P�S�F �D�P�N�Q�V�U�F�S �O�P�E�F�T�� �8�F �T�F�F �U�I�B�U �U�I�F�S�F �J�T �B �D�M�F�B�S �E�S�J�G�U �J�O �U�I�F �F�O�F�S�H�Z�
 �X�I�J�D�I �N�B�Z
�C�F �E�V�F �U�P �U�I�F �V�T�F �P�G �B �S�Y�F�E �M�F�W�F�M �X�I�J�D�I �D�B�O�O�P�U �U�B�L�F �J�O�U�P �B�D�D�P�V�O�U �Q�B�S�U�J�D�M�F�T�Œ �E�F�O�T�J�U�J�F�T�
 �P�S �F�W�F�O �U�P
�B �E�F�S�D�J�F�O�D�Z �P�G �U�I�F �Q�S�F�Q�B�S�B�U�J�P�O �P�G �U�I�F �N�P�M�F�D�V�M�F�� �'�P�S �F�Y�B�N�Q�M�F�
 �U�I�F �N�J�O�J�N�J�T�B�U�J�P�O �B�O�E �D�B�O�P�O�J�D�B�M
�F�O�T�F�N�C�M�F �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �X�F�S�F �O�P�U �Q�F�S�G�P�S�N�F�E �V�T�J�O�H �J�N�Q�M�J�D�J�U �T�P�M�W�F�O�U�
 �B�O�E �B�T �X�F �U�P�P�L �E�J�S�F�D�U�M�Z
�U�I�F �E�S�P�O�Q�B �Q�S�P�U�F�J�O �G�S�P�N �U�I�F �1�S�P�U�F�J�O�T �%�B�U�B �#�B�O�L�
 �U�I�F �N�P�M�F�D�V�M�F �N�B�Z �I�B�W�F �O�F�F�E�F�E �N�P�S�F �Q�S�F�Q�B�S�B�U�J�P�O��
�.�P�S�F�P�W�F�S�
 �B�U �U�I�F �U�J�N�F �P�G �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T�
 �U�I�F �Z�f�j�d�f �N�P�E�F�M �V�T�F�E �J�O���
�������� �I�B�E �O�P �Q�B�S�U�J�D�V�M�B�S
�Q�B�S�B�N�F�U�F�S�J�T�B�U�J�P�O�� �I�F�O�D�F �J�U�T �V�T�F �B�T �B �Q�S�P�P�G �P�G �D�P�O�D�F�Q�U��
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�'�J�H�V�S�F �`�m���^���&�O�F�S�H�Z �E�S�J�G�U �G�P�S �U�I�F �S�S�T�U �T�F�D�U�J�P�O �P�G �U�I�F �E�S�P�O�Q�B �Q�S�P�U�F�J�O �X�J�U�I �Q�P�M�B�S�J�T�B�C�M�F �D�P�O�U�J�O�V�V�N
�N�P�E�F�M �G�P�S �Q�B�S�B�N�F�U�F�S�T���î�
�c�m�� �� �����
 �����X�J�U�I�����
 �G�F�N�U�P�T�F�D�P�O�E �U�J�N�F���T�U�F�Q�T

�*�O �U�I�J�T �D�I�B�Q�U�F�S�
 �X�F �I�B�W�F �T�I�P�X�O �U�I�B�U �U�I�F �G�B�T�U �N�V�M�U�J�Q�P�M�F �N�F�U�I�P�E �T�I�P�V�M�E �C�F �T�V�U�D�J�F�O�U�M�Z �S�P�C�V�T�U �U�P
�C�F �V�T�F�E �G�P�S �N�P�M�F�D�V�M�B�S �E�Z�O�B�N�J�D�T �P�G �N�P�M�F�D�V�M�B�S �T�Z�T�U�F�N�T�� �%�F�Q�F�O�E�J�O�H �P�O �U�I�F �O�F�F�E �G�P�S �B�D�D�V�S�B�D�Z�
 �T�P�N�F
�S�Y�F�E �Q�B�S�B�N�F�U�F�S�T �G�P�S �U�I�F �F�Y�Q�B�O�T�J�P�O �P�S�E�F�S �B�O�E �C�P�Y �T�J�[�F �T�F�F�N �U�P �H�J�W�F �T�J�N�J�M�B�S �S�F�T�V�M�U�T �G�P�S �E�J�R�F�S�F�O�U
�T�Z�T�U�F�N�T�
 �X�I�J�D�I �M�J�N�J�U�T �U�I�F �F�R�P�S�U �U�P �U�V�O�F �U�I�F�N�� �)�F�O�D�F�
 �J�U �J�T �B�O �B�M�U�F�S�O�B�U�J�W�F �X�P�S�U�I �D�P�O�T�J�E�F�S�J�O�H �X�J�U�I
�S�F�T�Q�F�D�U �U�P �Q�B�S�U�J�D�M�F �N�F�T�I �&�n�X�c�[�� �5�I�J�T �J�T �F�T�Q�F�D�J�B�M�M�Z �U�S�V�F �G�P�S �W�F�S�Z �M�B�S�H�F �T�J�N�V�M�B�U�J�P�O�T�
 �X�I�F�S�F �U�I�F
�I�J�H�I�F�S �U�I�B�O �M�J�O�F�B�S �D�P�N�Q�V�U�B�U�J�P�O�B�M �D�P�N�Q�M�F�Y�J�U�Z �P�G �Q�B�S�U�J�D�M�F �N�F�T�I �&�n�X�c�[ �J�O
+ �M�P�H
+ �N�B�Z �T�U�B�S�U �U�P
�J�N�Q�B�J�S �S�F�T�V�M�U�T�� �)�P�X�F�W�F�S�
 �N�P�S�F �S�F�T�F�B�S�D�I �T�I�P�V�M�E �C�F �E�P�O�F �U�P �D�P�N�Q�B�S�F �U�I�F �Q�I�Z�T�J�D�T �U�I�B�U �D�B�O �C�F �P�C�U�B�J�O
�X�I�F�O �V�T�J�O�H �G�B�T�U �N�V�M�U�J�Q�P�M�F �N�F�U�I�P�E�
 �B�T �U�I�F �Q�B�S�U�J�D�M�F �N�F�T�I �&�n�X�c�[ �D�B�O �U�B�L�F �B�E�W�B�O�U�B�H�F �U�I�F �T�J�E�F���F�R�F�D�U
�P�G �N�P�E�F�M�M�J�O�H �B�M�B�S�H�F�S�B�N�P�V�O�U �P�G �T�P�M�W�F�O�U �E�V�F �U�P �J�U�T �Q�F�S�J�P�E�J�D �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T��

������



�^�k���[ �3�F�G�F�S�F�O�D�F�T

�M�Z�é�J ��� �!� �-� �)��� �.

�<�#�B�O�����> �#�X�e�b�
 �3�$�4�# �1�S�P�U�F�J�O �%�B�U�B���Ž�$�S�Z�T�U�B�M �4�U�S�V�D�U�V�S�B�M �B�O�E �'�V�O�D�U�J�P�O�B�M �"�O�B�M�Z�T�J�T �P�G �(�'�1��
�M�J�L�F �'�M�V�P�S�F�T�D�F�O�U �1�S�P�U�F�J�O �%�S�P�O�Q�B�•�� �.�B�Z ���
 ���������� �l�i�c���#�/�/�+�.�“�Ç�Ç�2�2�2�‘�-���.���‘�*�-�"�Ç
�.�/�-�0���/�0�-� �Ç�o�����o�	�D�J�U�� �P�O �Q�������� �
��

�<�#�B�O�����> �#�X�e�b�
 �3�$�4�# �1�S�P�U�F�J�O �%�B�U�B���Ž�$�S�Z�T�U�B�M �4�U�S�V�D�U�V�S�F �P�G �6�O�M�J�H�B�O�E�F�E �&�T�D�I�F�S�J�D�I�J�B �$�P�M�J �%�J�I�Z��
�E�S�P�G�P�M�B�U�F �3�F�E�V�D�U�B�T�F�� �-�J�H�B�O�E���J�O�E�V�D�F�E �$�P�O�G�P�S�N�B�U�J�P�O�B�M �$�I�B�O�H�F�T �B�O�E �$�P�P�Q�F�S�B�U�J�W�J�U�Z �J�O
�#�J�O�E�J�O�H���•�0�D�U�� �����
 ���������� �l�i�c���#�/�/�+�.�“�Ç�Ç�2�2�2�‘�-���.���‘�*�-�"�Ç�.�/�-�0���/�0�-� �Ç�r�������	�D�J�U�� �P�O
�Q�������� �
��

�<�#�M�B�������>�#�c�X�e�Z�_�X�i�[�
 �1�J�F�S�S�F �F�U �B�M���Ž�4�D�B�M�'�.�.�� �" �(�F�O�F�S�J�D �1�B�S�B�M�M�F�M �'�B�T�U �.�V�M�U�J�Q�P�M�F �-�J�C�S�B�S�Z�•��
�*�O���4�*�"�. �$�P�O�G�F�S�F�O�D�F �P�O �$�P�N�Q�V�U�B�U�J�P�O�B�M �4�D�J�F�O�D�F �B�O�E �&�O�H�J�O�F�F�S�J�O�H �	�$�4�&�����
�� �4�*�"�.
�$�P�O�G�F�S�F�O�D�F �P�O �$�P�N�Q�V�U�B�U�J�P�O�B�M �4�D�J�F�O�D�F �B�O�E �&�O�H�J�O�F�F�S�J�O�H �	�4�*�"�. �$�4�& ���������
�� �.�B�S�� �����

�������� �	�D�J�U�� �P�O �Q�Q������ �
���� �
��

�<�$�.�4�����> �$�X�e�Z�>�j�
 �&�S�J�D�
 �.�X�[�X�p�
 �:�W�P�O�
 �B�O�E �4�k�X�d�d�
 �#�F�O�K�B�N�J�O���Ž�%�P�N�B�J�O �%�F�D�P�N�Q�P�T�J�U�J�P�O �G�P�S �*�N��
�Q�M�J�D�J�U �4�P�M�W�B�U�J�P�O �.�P�E�F�M�T�•�� �*�O���5�I�F �+�P�V�S�O�B�M �P�G �$�I�F�N�J�D�B�M �1�I�Z�T�J�D�T���������� �	���������
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The Kohn{Sham method uses a single model system, and corrects it by
a density functional the exact user friendly expression of which is not
known and is replaced by an approximated, usable, model. We propose to
use instead more than one model system, and use a greedy extrapolation
method to correct the results of the model systems. Evidently, t here is a
higher price to pay for it. However, there are also gains: within th e same
paradigm, e.g., excited states and physical properties can be obtained.

1. Introduction

1.1. Motivation

Density functional theory (DFT) has a weak point: its approximations
(DFAs). First, the Hohenberg{Kohn theorem tells us that there is a density
functional for electronic systems,F [� ], that is universal (that is, indepen-
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2 �Etienne Polack, Yvon Maday, and Andreas Savin

dent of the potential of the nuclei), but does not give us a hint on how
systematic approximations can be constructed. In practice, modelsare pro-
duced to be fast in computations, typically by transferring properties from
other systems, like the uniform electron gas. Second, the most successful
approximations are using the Kohn{Sham method (introducing a fermionic
wave function) that decomposesF [� ] into the kinetic energy, the Hartree
energy and an exchange-correlation energy contribution although the ques-
tion of how and what part of F [� ] should be approximated is, in principle,
open.

In the present contribution we totally change the paradigm in the fol-
lowing way still led by the issue of universality. Let us start wit h a physical
consideration. When electrons are close, the Coulomb repulsion is so strong
that some of its features dominate over the e�ect of the external poten-
tial. This is also re
ected mathematically in the short-range behavior of
the wave function, as present in the Kato cusp condition [1; 2; 3; 4], and in
higher-order terms [5; 6]. We further note that approximating numerically
the short-range part of the wave function needs special care, due to the
singularity of the Coulomb interaction when the electrons are close.

The considerations above and the independence of the interaction be-
tween electrons from that between them and the external potential provides
a basis for constructing approximations. Thus, we propose to solve accu-
rately a Schr•odinger equation with a Hamiltonian that is modi�ed to eli m-
inate the short-range part of the interaction between the electrons which is
one of the di�cult parts in the numerical simulations. The way to do i t is
not unique, and we try to turn this to our advantage: we use several models,
and from them we try to extrapolate to the physical system [7]. In other
words, we follow an \adiabatic connection" (see [8]), without ever construct-
ing a density functional. This new paradigm thus explores the possibility
to replace the use of DFAs by mathematically controlled approximations:
we make density functional theory \without density functionals."

Our approach has introduced an additional di�culty nonexistent in the
Kohn{Sham method: the long-range part of the interaction has to be treated
accurately, and not only its electrostatic component. One may ask whether
this additional e�ort is justi�ed, and whether one gains anything with re-
spect to a calculation where the physical (Coulomb) interaction is used.
For a single calculation, the gain is due to the lack of singularity in the
interaction expressed by a weak interaction potential allowing for simpli-
�ed treatments, such as perturbation theory. However, as the extrapolation
to the physical system needs more than one point, it is essential thatthe
number of points stays very small, and the interaction weak.
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FLEIM for electronic Hamiltonians 3

1.2. Objective and structure of the paper

We �rst choose, in Sec.2.1, a family of model (parameter dependent) Hamil-
tonians that are more 
exible than using only the Kohn{Sham (noninteract-
ing) Hamiltonian. � This is followed by a description of how universality is
introduced, namely by analyzing how a nonsingular interaction approaches
the Coulomb one, and not by transfer from other systems, as usually done
in DFAs. The physical system of interest is one among the parameter de-
pendent models corresponding to some precise value of the parameter; in
Sec. 2.2 its solution is extrapolated from the solutions to the models for
other values of the parameter, expected that these solutions are more simple
to be approximated. This extrapolation is e�ciently handled in the general
framework of the model reduction methods and more precisely referring to
a variation of the Empirical Interpolation Method [9].

We believe that such an approach can not only discuss what DFAs are
really doing, but can evolve to being used in applications. Some argument
supporting this statement is given. However, in this paper numerical ex-
amples (gathered in Sec. 3) are only presented for two-electron systems
that are numerically (and sometimes even analytically) easily accessible:
the harmonium, the hydrogen anion, H{ , and the hydrogen molecule, H2 in
the ground state, at the equilibrium distance.

As we do not use the Hohenberg{Kohn theorem, the technique can be
applied without modi�cation also to excited states. We provide in Sec. 3.5,
as an example, the �rst excited state of the same symmetry as the ground
state.

Some conclusions and perspectives are presented in Sec. 4. Finally,in
order to facilitate reading the manuscript, various details are given in Ap-
pendices A{E that follow Sec. 4.

2. Approach

2.1. The model Schr•odinger equation

We study a family of Schr•odinger equations,

H (� )	( � ) = E(� )	( � ); (2.1)

� Note however that this is at the prize of working in R3N instead of R3 , and thus
requiring accurate many-body, e.g., con�guration interac tion calculations.
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4 �Etienne Polack, Yvon Maday, and Andreas Savin

where � is some nonnegative parameter. More precisely, in this paper, we
use

H (� ) = T + V + W (� ); (2.2)

whereT is the operator for the kinetic energy,V is the external potential (in
particular that of the interaction between nuclei and electrons) and W (� )
represents the interaction between electrons. Although not required by the
general theory, in this paper we introduce the dependence on� only by
modifying the interaction between electrons,

W (� ) =
X

i<j

w(r ij ; � ); (2.3)

choosing

w(r ij ; � ) =
erf(�r ij )

r ij
(2.4)

where r ij = jr i � r j j is the distance between electroni (at position r i ) and
electron j (at position r j ). Finally, the external potential V is written like

V =
NX

i =1

v(r i ): (2.5)

where v is the local one particle operator. Note that the N -particle opera-
tors are denoted by upper case letters, while the one-particle operators are
denoted by lower case letters.

Note also that for � = 0 we have a trivial noninteracting system, while
for � = 1 we recover the Coulomb system. The operatorw is long-ranged:
as � increases, the Coulomb interaction 1=r12 starts being recovered from
large distances. The �rst reason for this choice is that, as mentioned above,
we expect a universal character for short range (this is related to thedif-
�culty of common DFAs to correctly describe long-range contributions, cf.
Appendix A). The second reason is that the solution of Eq. (2.1) is con-
verging more rapidly with (conventional) basis set size when the interaction
has no singularity at r 12 = 0.

In principle, introducing a dependence of the one-particle operators (T
and V) on � makes the formulas a bit more clumsy, but does not introduce
important di�culties in its application. Using such a dependence m ight
improve the results, but it is not discussed in this contribution. In the
following, in order to simplify notation, we drop the argument � , when
� = 1 , e.g., E = E(� = 1 ).

�'�-�&�*�. �G�P�S �&�M�F�D�U�S�P�O�J�D �)�B�N�J�M�U�P�O�J�B�O�T
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FLEIM for electronic Hamiltonians 5

2.2. The correction to the model

2.2.1. Using a basis set

Of course, solving the Schr•odinger equation for the model, Eq. (2.1) with
�nite � s, does not provide the desired solution, i.e., the one that is obtained
for � = 1 . We thus need to estimate the di�erence in eigenvalues:

�E (� ) = E � E(� ): (2.6)

Since �E (� ) tends to zero at in�nity, the idea is to �rst expand this di�ere nce
�E(� ) in a basis (of functions that tend to zero at in�nity), retaining M
terms,

�E (� ) � �EM (� ) =
MX

j =1

cj � j (� ); (2.7)

leading to

E(� ) � E �
MX

j =1

cj � j (� );

or, more precisely sinceE is not known, we replace it by an approximation
denoted asEM ,

E (� ) � EM �
MX

j =1

cj � j (� ): (2.8)

The idea then proceeds by determining the unknownEM values and the
coe�cients ci from M + 1 values of E(� m ), for m = 0 ; : : : ; M for an appro-
priate choice of the parameter values� m . Finally, taking into account that
the functions � j tend to zero at in�nity, the proposed approximation for
E is EM . Of course, this extrapolation approach often fails if care is not
enough taken in the choice of the functions� j ; 1 � j � M , and the values
� m , for m = 0 ; : : : ; M .

First, one has to decide about their form. Second, one has to �nd a
way to keep M as small as possible to reduce computational cost while
preserving a good accuracy.

2.2.2. Approaching the Coulomb interaction

As recalled above, we derive from the leading term of the Coulomb interac-
tion between the electrons that, to leading order, the solutions of di�erential

�$�I�B�Q�U�F�S �k �&�Y�U�S�B�Q�P�M�B�U�J�P�O �V�T�J�O�H �U�I�F �N�B�H�J�D �Q�P�J�O�U�T �N�F�U�I�P�E
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6 �Etienne Polack, Yvon Maday, and Andreas Savin

equations are determined at short range by the singularities. The interac-
tion w in Eq. (2.4) has no singularity at r 12 = 0, for any �nite � . However,
as the parameter� increases,w(�; � ) approaches the singular Coulomb po-
tential.

In order to see how this limit is approached, let us perturb the exact
solution. To �rst order, the perturbation correction to the energy is given
by

�E (� ) =


	

�
� � W � W (� )

� �
� 	

�
; for � ! 1 : (2.9)

By changing the integration variables r i to � r i we see that

�E (� ) / � � 2 as � ! 1 ; (2.10)

providing a leading behavior that we want the basis functions � i to re-

ect. It is possible to continue this analysis for higher order terms. In fact,
the next term (in � � 3) has a coe�cient proportional to that of � � 2, the
proportionality coe�cient being determined by the nature of the Cou lomb
singularity [10].

2.2.3. Choice of the basis functions

In the main part of this contribution we use a simple ansatz,

~� j (� ) = 1 � j � (1 + j 2 � 2) � 1=2; j = 1 ; : : : ; M; (2.11)

that respects indeed the condition of Eq. (2.10). The motivation for this
speci�c choice, that is arbitrary to a certain degree, as well as some results
obtained with other choices of basis functions, is given in Appendix B.

The �rst functions of this basis set are presented in Fig. 1, together
with an example of a function it has to approximate. It illustrates that the
function we want to describe is between basis function ~� 2 | for small � |
and basis function ~� 3 |for large � . However, a simple linear combination
between these (only) two surrounding basis functions from the family in
Eq. (2.11) does not improve much the accuracy, but of course, more (and
more appropriate) functions in the family can (and should) be called.

2.2.4. Reducing the basis set

Using a large set of� j (a large M ) can rapidly become computationally
prohibitive (because it requires a large number of evaluations ofE(� m ),
for m = 0 ; : : : ; M ) and numerically unstable (because it is classically much
more di�cult to stabilize extrapolation than interpolation). In order t o

�'�-�&�*�. �G�P�S �&�M�F�D�U�S�P�O�J�D �)�B�N�J�M�U�P�O�J�B�O�T
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Fig. 1. Basis functions ~� j of Eq. (2.11), continuous curves with the color correspondi ng
to j ; and an (unknown) function to be approximated by linear comb ination on this
basis (dot-dashed, gray). The unknown function in this �gur e is proportional to �E (� ) of
harmonium.

reduce their number and increase the stability of the extrapolation, we
use a greedy (iterative) method, as in theEmpirical Interpolation Method
(EIM) leading to proper choices of � m , for m = 0 ; : : : ; M known as \magic
points."

In the K th iteration of EIM, one starts from a set of K � 1 basis functions
(for us, ~� j ) and K � 1 points (for us, ~� j belonging to some (discretized)
interval, say, close to zero, to bene�t at most of the regularization of the erf
function). One then chooses theK th function ~� K � 1 (among the remaining
M � K basis functions) as being the one that is most poorly approximated
by the current interpolation (based on the K � 1 basis functions and the
K � 1 points) in a sense dedicated to the �nal goal we want to achieve (that
can be uniform error, error on some part of the domain, or even at some
value) and the K th point ~� K � 1 that, in the admissible set, brings the more
information. In this contribution, as we are only interested at extrapolating
the value of � at in�nity, so we chose the error as the absolute value of
di�erence between the K th basis function and its interpolant at in�nity as
the �nal goal we want to achieve.

Note that the procedure selecting the next point and function does not
make any use of the function to be approximated (here�E ). It is thus a cheap
step compared with the calculation ofE(~� m ) on the system of interest.
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8 �Etienne Polack, Yvon Maday, and Andreas Savin

To improve the results for the extrapolation, we have modi�ed the EIM
algorithm into what we call the Forward Looking EIM (FLEIM). While
EIM tries to get the maximal improvement through a sequential choiceof,
�rst the new basis function, then the new point of interpolation, FLEI M
tries to get the best pair for improvement in the selected goal. The method
is explained in more detail in Appendix C. In what follows, we present the
results of FLEIM as they are better and more stable than those of EIM, as
is illustrated in App D.1.

2.3. Computing other physical properties

FLEIM can be used to approximate other physical properties, i.e., correct
expectation values of operatorsA 6= H obtained with the model wave func-
tions, 	( � ),

A(� ) = h	( � )jAj	( � )i : (2.12)

This can be seen immediately by noting that the derivation in Sec. 2.2.1 is
not speci�c for correcting E(� ), but can also be applied toA(� ).

For the choice of the basis functions, we point out that properties are
obtained by perturbing the Hamiltonian with the appropriate operator, say,
A,

H ! H (� ) = H + �A: (2.13)

The expectation value ofA can be obtained as the derivative ofE(� ) w.r.t.
� , at � = 0. Of course, this procedure can be applied to model Hamiltonians,
yielding E(�; � ) and

h	( � )jAj	( � )i = @� E(�; � )
�
�
� =0 (2.14)

Thus, in this contribution, we use the same type of basis functions for A(� )
as for E(� ); see the results in Sec. 3.4. Note that computingh	( � )jAj	( � )i
is not possible in DFT, without having a property-speci�c densit y func-
tional [11].

3. Numerical results

3.1. Guidelines

The quality of the corrections using Eqs. (2.7) and (2.11) is explored nu-
merically. Technical details on the calculations are given in AppendixD.
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FLEIM for electronic Hamiltonians 9

The plots show the errors done by the approximations in the estimate
of the energy: we choose a model,� 7! E (� ), and let the empirical inter-
polation method choose which easier models (with weaker interactions) to
extrapolate and get an approximation for E = E(� = 1 ). The plots show
the error in the estimate of E made when considering approximations that
use information only for ~� m � � . From the plots, we read o� how small �
can be and still have \reasonable" accuracy. In thermochemistry, kcalmol� 1

is a commonly considered unit, and is often considered as \chemical accu-
racy." For electronic excitations, one often uses eV units, and one often
indicates it with one decimal place. \Chemical accuracy" is marked in the
plots by horizontal dotted lines. The plots show the errors in the rangeof
� 0:1 eV � 2:3 kcal mol� 1.

We consider approximations using up to four points (thus chosen in
[0; � ]). The �rst point � 0 is always the value chosen� 0 = � shown on thex-
axis of the plots, and the basis function associated to it is ~� 0, the constant
function; note that using only this pair ( � 0; � 0) corresponds to choosing
E ' E(� 0)= the value provided by the model, i.e., no correction is applied.
When the number of points is increased, further values ofE(~� m ), chosen
by the algorithm, are used with ~� m < � .

The (maximal) parameter � is considered between 0 and 3 bohr� 1. The
model without correction (blue curve) reaches chemical accuracy for� �
3 bohr� 1 for H{ and harmonium, but only at � � 5 bohr� 1 for H2 in its
ground state.

3.2. General behavior of errors

The plots in Fig. 2 for harmonium, H2, and H{ have similar features and
are discussed together. As the number of points used increases, the smallest
value of � for which the good accuracy is reached decreases. Note that
FLEIM produces very small errors for values of� larger than 2. However,
with the chosen basis set, the algorithm presented in this contribution has
di�culties correcting the errors for � smaller than 1.

3.3. Possibility of error estimates

Some tests can be done to estimate the quality of the approximation. For
example, we can compare how the approximations change when increas-
ing the number of basis functions,K , in our approximation and consider
jEK � EK � 1j as anasymptotically valid error estimate for EK � 1. One can
notice in the above �gures that, when the di�erence between, say, the 2-
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H2 (Re)
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Fig. 2. Errors for harmonium (top), H 2 (middle), and H { (bottom) using FLEIM with
one to four points (1: blue curve, 2: brown curve, 3: green cur ve, 4: red curve). The
abscissa represents the biggest � allowed for use in the FLEIM algorithm. The error of
the model without correction (blue curve) does not show up in the �gure for the H 2

molecule because it is larger than the domain covered by the p lot.
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Harmonium (! = 1=2) FLEIM

Fig. 3. Errors made for the expectation value of the distance between electrons (top)
and the distance squared (bottom) for harmonium, by using a m odel wave function,
	( � ), and after correcting with FLEIM (the di�erent curves corr espond to the number
of points used). The insets zooms in.

and the 3-point approximation error is larger than \chemical accuracy," so
is the error in the 2-point approximation.
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3.4. Expectation values with FLEIM: hr 12 i and hr 2
12 i for

harmonium

We look at the average distance between the electrons in harmonium. Fig-
ure 3(top) shows the error made by using 	( � ) instead of 	( � = 1 ) in
computing the expectation value of r 12, as well as the correction that can
be achieved with FLEIM, using the same basis set as above (2.11). The
inset in Figure 3(top) concentrates on the errors made in the region that
could be considered chemically relevant (1 pm� 0:02 bohr). We note the
similarity with the behavior of in correcting E(� ).

Let us now examine the average square distance between the electrons,
hr 2

12 i , in harmonium. While for computing the energy we explored correcting
the missing short-range part of the interaction, we now ask whether itis
possible to correct the error of using the model wave function, 	(� ) for the
expectation value of an operator that is important at long range.

For ! = 1=2, we know the exact values of the expectation value ofr 2
12

at � = 0 and � = 1 ; they are 6 and (42
p

� + 64)=(5
p

� + 8) � 8:21,
respectively (see, e.g., Ref. [12]). Note the large e�ect of the modelwave
function, 	( � ), in computing hr 2

12 i . Figure 3(bottom) shows the error made
by using 	( � ) instead of 	( � = 1 ) in computing the expectation value of
r 2

12, as well as the e�ect of the correction that can be achieved with FLEIM,
using the same basis set (2.11) as above. We note again the similarity with
the behavior of in correcting E(� ) or the expectation value of the distance
between electrons.

The expectation valuehr 2
12 i also illustrates another aspect: the e�ect of

a change of the external potential on the energy. At �rst sight this may
seem surprising, as the external potential is a one-particle operator,while
r 2

12 is a two-particle operator. However, changing the one-particle operator
also modi�es the wave function and this a�ects the value of hr 2

12 i . In the
case of harmonium, this can be shown analytically. Changingr 1 and r 2 to
center-of-mass,R , and inter-particle distance, r 12, cf. Appendix E, allows
us to see explicitly that a modi�cation of ! 2, the parameter that speci�es
the external potential, a�ects the Sch•odinger equation in r 12. It introduces
a term proportional to ! 2r 2

12. The �rst order change in the energy when we
change the external potential (! 2) is thus proportional to hr 2

12 i . Our results
in Fig. 3(bottom) show that our conclusions on model corrections are not
modi�ed by small changes in the external potential. Note that the center-
of-mass Schr•odinger equation also depends on! 2, but it is independent of
� and thus does not a�ect our discussion on model correction.
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3.5. Comparison with DFAs

Instead of using extrapolation with FLEIM, one can use DFAs. While up
to now the external potential did not change with � , in DFA calculations
a one particle potential that depends on� is added in order to correct the
density.

We consider here two DFAs, the local density approximation,
LDA [13; 14], and one that reproduces that of Perdew, Burke and Ernz-
erhof (PBE) [15; 16] at � = 0. Both approximations are modi�ed to be
� -dependent. In particular, they vanish at � = 1 .

As shown in Fig. 4(top) for harmonium, DFAs are clearly much better
at small � . However, they are not good enough. The �gure suggests the
range of � for which DFAs are within chemical accuracy is similar to that
obtained with the 3-point FLEIM. This is con�rmed when comparing the
results with DFAs and for the H 2; see Fig. 4(middle). Note that with FLEIM
the errors at large � are smaller.

Note also that the curves obtained with extrapolation are signi�cantly

atter at large � than those obtained with DFAs. This should not be sur-
prising: DFAs transfer the large � behavior, while extrapolation extracts it
from information available for the system under study.

Furthermore, using ground-state DFAs for excited states does not only
pose a problem of principle (questions its validity, as the Hohenberg{Kohn
theorem is proven for the ground state), but can also show a deterioration
of quality. However, there is no question of principle from the perspective
of this contribution (of using a model and correcting it by extrapolati on).
Also, the error in the excited state seems comparable to that in the ground
state, as seen in the example of the H2 molecule, in the �rst excited state
of the same symmetry as the ground state; see Fig. 4(bottom).

4. Conclusion and perspectives

In this contribution we have illustrated with a few models how to simplify
the Hamiltonians by smoothly getting rid of the singularities in the system
and thus have more numerically tractable problems. This simpli�cation is
obtained by introducing a parameter that, when it is equal to in�nit y, it cor-
responds to the original, plain Hamiltonian. After numerically solving a few
simpli�ed problems, the solution of interest is obtained by extrapolation.

We present a new (in the �eld) method for extrapolating the quantit ies
of interest from few �nite values (hence easy to solve) of the parameter by
a technique borrowed from reduced basis paradigm: the empirical interpo-
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Fig. 4. Absolute errors for the harmonium molecule at equili brium distance (top), for
the H 2 molecule at equilibrium distance (middle), and in the �rst e xcited state of the
same symmetry as the ground state (bottom): a � -dependent LDA (black dashed curve),
combined with the a � -dependent Perdew{Burke{Ernzerhof approximation (PBE, g ray
dashed curve), FLEIM (3 points) (green curve), combined wit h a � -dependent local
density approximation. The abscissa represents the bigges t � allowed for use in the
FLEIM algorithm. The insets zoom into the regions of small er rors, the dotted line
corresponding to the value of \chemical accuracy." Note the di�erent ranges for � E .
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lation method. In contrast to DFAs, no parameters are �tted, no transfe r
from di�erent system are made: only extrapolation is used. Note that in
contrast to DFAs, improvement can be envisaged by either adding further
points or using more appropriate basis functions and error estimates are
asymptotically accessible.

Appendices

A. On density functional approximations

In DFT, the existence of a universal functional of the density, F [� ], i.e.,
the Hohenberg{Kohn theorem [17], is rigorously proven [18; 19]. However,
obtaining accurately the value of F for a given density � (r ), while possible
(see, e.g., Ref. [20]), is exceedingly time-consuming. Computationally con-
venient DFAs exploit the knowledge of the density around a given pointr
in space. Typically,

F [� ] �
Z

R3
f (� (r ); jr � (r )j; : : : ) dr : (A.1)

The limitation of such an approach can be seen for a simple density
functional, the Hartree term of the energy,�

EH [� ] =
Z

R6

� (r 1)� (r 2)
jr 1 � r 2j

(A.2)

when � (r ) = � A (r ) + � B (r ) and � A (r )� B (r ) � 0 (i.e., � A and � B are spa-
tially separated; their overlap decreases much faster than 1=jr 1 � r 2j). Ho-
henberg and Kohn recognized the di�culty of approximating EH by ex-
pressions of the type given in Eq. (A.1) and suggested separating it from
F [� ]. However, this does not fundamentally solve the problem, as one can
immediately see in one-electron systems, whereEH has to be canceled by
another term commonly expressed in DFAs by an ansatz of the forms given
in Eq. (A.1). Note, that the problem would not exist for interactions that
are not Coulomb (long-ranged), but short-ranged. For instance, if the in-
teraction is Dirac's � (r 1 � r 2) function, EH becomes exactly of the form
of Eq. (A.1). For other short-range interactions one can approach such a
form by using Taylor expansions. In recent years it has become popular to
compensate for the limitation of the ansatz in Eq. (A.1) by adding \empir-
ical" energy corrections to describe long-range e�ects.

� The volume elements d r 1 dr 2 are omitted when the context is unambiguous.
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Another problem is that the antisymmetry of the electronic wave func-
tion is hidden in F [� ]. As the most important e�ect of the antisymmetry
is the Pauli repulsion, Kohn and Sham [21] proposed to consider the vari-
ational principle for a model in which particles do not interact. However,
DFAs following the pattern of Eq. (A.1) are still in use. In fact, furth er
separating terms from F [� ] may even lead (for degenerate cases) to the
question whether the limit of a noninteracting system is well-de�ned (see,
e.g., Sec. 3.5 in [13]).

B. Basis functions

In order to get an idea how the leading term of the correction behaves,we
consider the missing part of the Hartree term,



	( � )

�
� � W � W (� )

� �
� 	( � )

�
=

1
2

Z

R6
� (r 1)� (r 2)

�
1

r 12
� w(r 12; � )

�
: (B.1)

Separating the Hartree part from F [� ] was already proposed by Ho-
henberg and Kohn [17], and it is also the dominant part in �E (� ). Most
molecular codes use Gaussian one-particle basis functions, so� is a linear
combination of Gaussian functions. We consider a generic term,

Z

R6
e� �r 2

1 e� �r 2
2

�
1

r 12
� w(r 12; � )

�
: (B.2)

This integral is easily computed, e.g., by using Fourier transforms,and one
obtains an expression that is proportional to the form of the basis function
~� j in Eq. (2.11), after arbitrarily relating 1 =� 2 to the basis index j .

Let us now consider another basis set, constructed from the requirement
that the functions decay as� � 2 and are �nite at the origin.

~� 1;j (� ) =
�
1 + ( j � )2� � 1

(B.3)

where we choose againj = 1 ; 2; : : : ; 10. The results are only slightly
worse than those obtained when using the basis set of Eq. (2.11), compare
Fig. 2(top) and Fig. 5(top).

Let us consider

~� 2;j (� ) = aj �
�
1 + ( aj � )3� � 1

(B.4)

where we chooseaj = 2 j= 2. The result for harmonium is shown in Fig. 5(bot-
tom). We note a slight improvement of the results for the 2- and 3-point
approximations, as well as a change of sign of the error in the 4-point ap-
proximation. This direction of investigation deserves to be pursued.
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Fig. 5. Errors for harmonium using FLEIM with up to four point s (1: blue curve, 2:
brown curve, 3: green curve, 4: red curve), using the basis se ts given in (B.3) (top) and
(B.4) (bottom). The abscissa represents the biggest � allowed for use in the FLEIM
algorithm.

C. The empirical interpolation method

The empirical interpolation method is a model-order reduction method in-
troduced in [9] as a way to e�ciently �nd a reduced basis and approximate
one particular function within a manifold of parameter dependent func-
tions. The points at which to do the interpolation are referred as magic
points [22].

For a family of basis functions � i , i 2 I with discrete points � j , j 2 J
chosen on a regular grid close to zero (see Appendix D.2 for an analy-
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sis of the in
uence of the choice of the grid), we want to �nd a family
of K functions and interpolation points with which to interpolate a test
function f 2 Spanf � i ; i 2 I g.

C.1. Algorithm for EIM

We assume that we have chosen some cost functionC, e.g., a normC[�] � k�k ,
or, if we are, as in this contribution, only interested in correctly approxi-
mating the value for � � 1 , we choose the cost function as the absolute
value at that extrapolation point C[' ] = j' (1 )j = lim � !1 j' (� )j.

First, select one of the basis functions. We can choose to add the con-
stant function � 0,

~� 0 := � 0: (C.1)

We then select the �rst interpolation point as the largest admissible �
available,

~� 0 := max
j 2 J

� j : (C.2)

We can then de�ne the �rst normalized interpolation function as

q0 :=
~� 0

~� 0(~� 0)
: (C.3)

We can then create the �rst approximation with an interpolation scheme,
for instance Lagrangian interpolation as

I 0[f ] := f (~� 0)q0: (C.4)

We now assume to have chosenK � 1 functions ~� k , normalized functions
qk . Let us also assume that we have selectedK � 1 interpolation points ~� k ,
k = 0 ; : : : ; K � 2. We de�ne the I K � 2 Lagrangian interpolation function as

I K � 2[f ] :=
K � 2X

k=0

� k qk ; (C.5)

where the coe�cients � k are determined by solving the system
K � 2X

k=0

� k qk (~� ` ) = f (~� ` ) for ` = 0 ; : : : ; K � 2: (C.6)

If we denote ~I as the set of indices of remaining basis functions and~J
as the set of indices of remaining interpolation points, we choose the next
function as

~� K � 1 := arg max
� i ; i 2 ~I

�
C

�
� i � I K � 2[� i ]

�	
; (C.7)
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and the next interpolation point as

~� K � 1 := arg max
� j ; j 2 ~J

� �
� ~� K � 1(� j ) � I K � 2[~� K � 1](� j )

�
� 	 : (C.8)

We can then de�ne the K th normalised interpolation function as

qK � 1 :=
~� K � 1 � I K � 2[~� K � 1]

~� K � 1(~� K � 1) � I K � 2[~� K � 1](~� K )
: (C.9)

This system is represented by a lower triangular matrix with ones onthe
diagonal, and hence has a unique solution. The algorithm ends when the
desired target accuracy is reached.

C.2. The forward looking empirical interpolation method
(FLEIM)

To better adapt the method for extrapolation, we propose a double loop
alternative: Instead of selecting sequentially �rst for a new basisfunction
and then a new interpolation point | Eqs. (C.7) and (C.8) | we select
the best pair

(~� K � 1; ~� K � 1) := arg max
� i ; i 2 ~I

arg min
� j ; j 2 ~J

�
C

�
� i (� j ) � I K � 2[� i ](� j )

�	
: (C.10)

D. Numerical details of the calculations

D.1. Testing EIM and FLEIM with E ( � ) = 1 + � j ( � )

In this subsection, we compare on a simple function, the behaviour ofEIM
and FLEIM on a analytic test function E(� ) behaves like 1 +� j (� ). The
results for EIM are given in Fig. 6, and for FLEIM, in Fig. 7.

First, we note that FLEIM provides better approximation together wit h
more stable results when� varies. Second, we note that the \wall" for j > 1
at small � is also imporved. At large � , all � j have the same decay at large
� : this makes both methods �t to work in this regime.

D.2. Discretization for FLEIM

The interval between 0 and the value of� under study was divided in 10
equal intervals (producing 11 points). FLEIM was used to selectK (� 4)
points and basis functions on whichE(� ) was calculated.

We now investigate the e�ect of changing the grid of � and use, for
comparison a �xed �ner grid of values of � 1; � 2; : : : ranging from 0 to the
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value � indicated in the plots, with a step of 0:01 bohr� 1, the FLEIM results
are only slightly changed, as shown in Fig. 8.

D.3. Systems

Two-electron systems studied are

(1) harmonium, having

v(r ) =
1
2

! 2r 2 (D.1)

where for ! = 1=2 the exact energy is known (E = 2 hartree);
(2) H { anion,

v(r ) = �
1
r

; (D.2)

(3) H2 molecule,

v(r ) = �
1

jr � R A j
�

1
jr � R B j

(D.3)

where the nuclei are in the equilibrium position, R A = � R B with
jR A j = 0 :7 bohr.

D.4. Obtaining the model energy

In order to simplify the test of FLEIM, E(� ) was pre-calculated for a dense
range of values� and interpolated. The values forE(� ) were obtained with
the program Molpro [23] for H{ and H2. This program was also used for
the density functional calculations.

For harmonium, it is possible to separate the variables in the Schr•o-
dinger equation. The center-of-mass equation can be solved exactly. The
equation in r 12 was solved by discretization on a grid of 104 points between
0 and 10 bohr.

For H2 the V5Z basis set of [24] was used; for H{ the aug-V5Z basis set
of [25]. (The error in the energy of H{ is too large if we do not augment the
V5Z basis set with a di�use basis function.) The aug-V5Z basis set was also
used for the excited state of H2, as it has an important contribution of ionic
states (H+ � � � H{ ). For H 2 the equilibrium distance of 1:4 bohr was chosen for
the ground state. For the excited state, the distance of 4:2 bohr was chosen.
It is close to a minimum of the potential energy curve. Furthermore, this
value can be compared with the accurate calculation of Ref. [26].
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Fig. 8. Results using a denser grid (lighter colors), for har monium, H 2 at equilibrium
distance, and H { ; the curves obtained with the denser grid are shown in lighte r colors.
The error of the model without correction (blue curve) does n ot show up in the �gure
for the H 2 molecule because it is larger than the domain covered by the p lot.
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E. Change of coordinates in harmonium

Harmonium is characterized by the external potential given by Eq. (D.1).
For two particles the variables r 1; r 2 can be changed to those corresponding
to the center of mass and the distance between particles,

R =
1
2

(r 1 + r 2) ;

r 12 = ( r 1 � r 2) (E.1)

yielding for the potential energy

1
2

! 2 �
r 1

1 + r 2
2

�
= ! 2

�
R 2 +

1
4

r 2
12

�
(E.2)

The transformation of variables can be done also for the kinetic energy, and
makes the model Schr•odinger equation separable into a part (inR ) that is
independent of the model, and one (inr 12) that through 2.4 depends on
the model (� ).

Note that h	( � )jr 2
12 j	( � )i is also measuring the error due to the change

of density with � , for harmonium

H (� ) = T +
1
2

! 2(r 2
1 + r 2

2) +
erf(�r 12)

r 12
(E.3)

Indeed, by using the Hellmann{Feynman theorem,

@
@!2

h	( � )jH (� )j	( � )i = h	( � )j
1
2

(r 2
1 + r 2

2)j	( � )i

= h	( � )j(R2 +
1
4

r 2
12)j	( � )i (E.4)

where R = ( r 1 + r 2)=2. As it is possible to separate variablesR and r 12 in
the Schr•odinger equation,

	( � ) = 	( R ; r 12; � ) = �( R )� (r 12; � ) (E.5)

� and � both normalized to one, and

h	( � )j
1
2

(r 2
1 + r 2

2)j	( � )i =
Z

R3
� (r ; � )r 2 dr (E.6)

where � (r ; � ) is the density of the model system, we have

1
4

h	( � )jr 2
12 j	( � )i =

Z

R3
� (r ; � ) r 2 dr �

Z

R3
j�( R )j2R2 dR (E.7)

Note that the change ofhr 2
12 i with � is only due to the change of the density

with � . Thus, the di�erence between 1
4 h	( � )jr 2

12 j	( � )i and 1
4 h	 jr 2

12 j	 i also
indicates how much the density is a�ected by the model.
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ABSTRACT:Born� Oppenheimer molecular dynamics (BOMD)
is a powerful but expensive technique. The main bottleneck in a
density functional theory BOMD calculation is the solution to the
Kohn� Sham (KS) equations that requires an iterative procedure
that starts from a guess for the density matrix. Converged densities
from previous points in the trajectory can be used to extrapolate a
new guess; however, the nonlinear constraint that an idempotent
density needs to satisfy makes the direct use of standard linear
extrapolation techniques not possible. In this contribution, we
introduce a locally bijective map between the manifold where the
density is de� ned and its tangent space so that linear extrapolation
can be performed in a vector space while, at the same time,
retaining the correct physical properties of the extrapolated density
using molecular descriptors. We apply the method to real-life, multiscale, polarizable QM/MM BOMD simulations, showing that
sizeable performance gains can be achieved, especially when a tighter convergence to the KS equations is required.

1. INTRODUCTION
Ab initio Born� Oppenheimer molecular dynamics (BOMD) is
one of the most powerful and versatile techniques in
computational chemistry, but its computational cost represents
a big limitation to its routine use in quantum chemistry. To
perform a BOMD simulation, one needs to solve the quantum
mechanics (QM) equations, usually Kohn� Sham (KS) density
functional theory (DFT), at each step, before computing the
forces and propagating the trajectory of the nuclei. The
iterative self-consistent� eld (SCF) procedure is expensive, as
it requires to build, at each iteration, the KS matrix and to
diagonalize it. Convergence can require tens of iterations,
making the overall procedure, which has to be repeated a very
large number of times, very expensive. To reduce the cost of
BOMD simulations, it is therefore paramount to be able to
perform as little iterations as possible while, at the same time,
obtaining an SCF solution accurate enough to a� ord stable
dynamics. From a conceptual point of view, at each step of a
BOMD simulation, a map is built from the molecular geometry
to the SCF density and then to the energy and forces. The
former map, in practice, requires the solution to the SCF
problem and is not only very complex but also highly
nonlinear. However, the propagation of the molecular
dynamics (MD) trajectory uses short,� nite time steps so
that the converged densities at previous steps, and thus at
similar geometries, are available. As a consequence, the
geometry to the density map can be in principle approximated
by extrapolating the available densities at previous steps. The
formulation of e� ective extrapolation schemes has been the

object of several previous works.1 Among the proposed
strategies, one for density matrix extrapolation was developed
by Alfe�,2 as a generalization of the wavefunction extrapolation
method by Arias et al.,3 which is based on a least-squares
regression on a few previous atomic positions. The main
di� culty in performing an extrapolation of the density matrix
stems from the nonlinearity of the problem. In other words, a
linear combination of idempotent density matrices is not an
idempotent density matrix, as density matrices are elements of
a manifold and not of a vector space. To circumvent this
problem, strategies that extrapolate the Fock or KS matrix4,5 or
that use orbital transformation methods6� 8 have been
proposed.

A completely di� erent strategy has been proposed by
Niklasson and co-workers.9� 11 In the extended Lagrangian
Born-Oppenheimer (XLBO) method, an auxiliary density is
propagated in a time-reversible fashion and then used as a
guess for the SCF procedure. The strategy is particularly
successful, as it combines an accurate guess with excellent
stability properties. In particular, the XLBO method allows one
to perform accurate simulations converging the SCF to average
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values [for instance, 10� 5 in the root-mean-square (RMS)
norm of the density increment], which are usually insu� cient
to compute accurate forces. An XLBO-based BOMD strategy
has been recently developed by some of us in the context of
polarizable multiscale BOMD simulations of both ground and
excited states.12� 15 Multiscale strategies can be e� ciently
combined, in a focused model spirit, to BOMD simulations to
extend the size of treatable systems. Using a polarizable
embedding allows one to achieve good accuracy in the
description of environmental e� ects, especially if excited states
or molecular properties are to be computed. In such a context,
the XLBO guessing strategy allows one to perform stable
simulation even using a modest 10� 5 RMS convergence
threshold, which, thanks to the quality of the XLBO guess,
typically requires only about four SCF iterations. Recently,
SCF-less formulations of the XLBO schemes have also been
proposed.16,17

Unfortunately, the performances of the XLBO-based BOMD
scheme are not so good when a tighter SCF convergence is
required, which can be the case when one wants to perform
MD simulations using post Hartree� Fock (HF) methods or
for excited states described in a time-dependent DFT
framework.14,18 In fact, such methods require the solution to
a second set of QM equations which are typically nonvaria-
tional, making them more susceptible to numerical errors and
instabilities. Computing the forces for non-SCF energies
therefore requires a more accurate SCF solution.

The present work builds on all previous methods for density
matrix extrapolation and aims at proposing a simple framework
to overcome the di� culties associated with the nonlinearity of
the problem. The strategy that we propose is based on a
di� erential geometry approach and is particularly simple. First,
we introduce a molecular descriptor, that is, a function of the
molecular geometry and other molecular parameters that
represent the molecular structure in a natural way that respects
the invariance properties of the molecule within a vector space.
At the (n + 1)-th step of an MD trajectory, we� t the new
descriptor in a least-square fashion using the descriptors
available at a number of previous steps and obtain a new set of
coe� cients. However, we do not use them to directly
extrapolate the density. Instead, we� rst map the unknown
density matrix that we aim to approximate from the manifold
where it is de� ned to its tangent space. We then perform the
extrapolation to approximate the representative density matrix
in the tangent space, before mapping this approximation back
to the manifold in order to obtain an extrapolated density
matrix that satis� es the required physical constraints. This
geometrical strategy, which has recently been introduced in the
context of density matrix approximation by us,19 allows one to
use standard linear extrapolation machinery without worrying
about the nonlinear physical constraints on the density matrix,
since both the space of descriptors and the tangent space are
vector spaces. As the mapping between the manifold and the
tangent space is locally bijective, no concerns about redundant
degrees of freedom (such as rotations that mix occupied
orbitals) arise. The map and its inverse, which are known as
Grassmann logarithm and exponential, are easily computed
and the implementation of the strategy is straightforward. We
shall denote this approach as Grassmann extrapolation (G-
Ext).

In this contribution, we choose a simple, yet e� ective
molecular descriptor, and, for the extrapolation, a least square
strategy. These are not the only choices. As our strategy allows

one to use any linear extrapolation technique, which can be in
turn coupled with any choice of molecular descriptor, more
advanced strategies can be proposed, including machine
learning. Our approach ensures that the extrapolated density,
independent of how it is obtained, satis� es all the physical
requirements of a density stemming from a single Slater
determinant.

The paper is organized as follows. In the upcomingSection
2, we present all necessary theoretical foundations required for
the development and implementation of the presented G-Ext
approach.Section 3then presents detailed numerical tests
illustrating the performance of the extrapolation scheme,
including realistic applications of BOMD within a QM/
molecular mechanics (MM) context before we draw the
conclusion inSection 4.

2. THEORY
We consider ab initio BOMD simulations where the position
vector �R M3�5 evolves in time according to classical
mechanics as

� =M t F t tR R( ) ( , ( ))i i i (1)

where �t F tR ( ), ( )i i
3�5 denote the position of thei-th atom

with massMi, respectively, and the force acting on it at timet.
We consider a general QM� MM method, but the setting also
trivially applies to pure QM models. The forces at a given time
t and positionR of the nuclei arise from di� erent interactions,
namely, QM� QM, QM� MM, and MM� MM interactions.
The computationally expensive part is to determine the state of
the electronic structure, which is modeled here at the DFT
level with a given basis set of dimension�5 . Note that
considering HF instead of DFT would not change much in the
presentation of the method. It consists of computing the
instantaneous nonlinear eigenvalue problem

=

=

=

F D C S C E

C S C

D C C

( )

IdN

R R R R R R

R R R

R R R

T

T

�O

�P

�R�R�R�R�R�R

�Q

�R�R�R�R�R�R (2)

where � ×C N
R

�5�5 and � ×DR
� 5 � 5�5 denote the coe� cients,

respectively, of the occupied orbitals and density matrix and
� ×E N N

R �5 denotes the diagonal matrix containing the energy
levels. Furthermore,FR denotes the DFT operator acting on
the density matrix andSR denotes the customary overlap
matrix.

At this point, it is useful to note that the slightly modi� ed
coe� cient matrix � �C S CR R R

1/2 belongs to the so-called
Stiefel manifold de� ned as follows

� { � | = }×t N V V V( , ) IdN
N

T�: �5 �5�5 (3)

due to the second equation ineq 2. In consequence, the
normalized density matrixD�

R = C�
RC�

R
T = SR

1/2DRSR
1/2 belongs

to the following set

� { � | = = = }×r N D D D D D D N( , ) , , Tr2 T�. �5 � 5 � 5�5
(4)

which can be identi� ed with the Grassmann manifold ofN-
dimensional subspaces of�5�5 by means of the spectral
projectors. In the following, we always assume that the density
matrix has been orthonormalized and therefore drop the�
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from the notation. For any �D r N( , )� . � 5, one can associate
the tangent spaceD�; which has the structure of a vector space.
The evolution of the electronic structure can therefore be seen
as a trajectory �t D tR( ) on r N( , )�. �5 where �t tR( )
denotes the trajectory of the nuclei.

The goal of the present work is to� nd a good approximation
for the electronic density matrix at the next step of MD
trajectory by extrapolating the densities at previous steps. More
precisely, based on the knowledge of the density matrices

�D Di tR( )i
, i = n � Nt, ...,n � 1, atNt previous timesti, one

aims to compute an accurate guess of the density matrixDn at
time tn.

Thus, the problem formulation can be seen as an
extrapolation problem of the following form: given the set of
couples t DR( ( ), )i i and a new position vectortR( )n provide a
guess for the solutionDn. Here and in the remaining part of the
article, we restrict ourselves on the positions of the QM atoms,
that is, with slight abuse of notation, we denote from now on
by R the set of QM positions only, even within a QM� MM
context.

In order to approximate the mapping� DR R, we split this
mapping in several submaps that will be composed as follows

� � �

� � � � = �

r N

d DR

( , )

Exp ( )

M
D

DR R R R

3
0

0

� 4 � ; � . � 5�5

(5)

where the� rst line shows the concatenation of maps in terms
of spaces and the second in terms of variables. The di� erent
mappings will be presented and motivated in the following.

The � rst map is a mapping of the nuclear coordinates
�R M3�5 to a (possibly high-dimensional) molecular descrip-

tor that accounts for certain symmetries and invariances of the
molecule. The last map, known as the Grassmann exponential,
is introduced in order to obtain a resulting density matrix
belonging to r N( , )�. �5 and thus to guarantee that the guess
ful� ls all properties of a density matrix. Asr N( , )�. �5 is a
manifold, this is not straightforward. The second mapping is
the one that we aim to approximate but before we do that let
us � rst introduce those two special mappings, that is, the
molecular descriptor and the Grassmann exponential, in more
details.

2.1. Molecular Descriptors.The map � dR R is a map
from atomic positions to molecular descriptors. These
descriptors are used as� ngerprints for the considered
molecular con� gurations. Such molecular descriptors have
been widely used in the past decades, for example, to learn
potential energy surfaces (PESs)20� 26 or to predict other
quantities of interest. Among widely used descriptors, one can
� nd Behler� Parinello symmetry functions,27 Coulomb ma-
trix,21 smooth overlap of atomic positions (SOAP),28 permuta-
tionally invariant polynomials,29 or the atomic cluster
expansion (ACE).30,31 These molecular descriptors are usually
designed to retain similar symmetries as the targeted quantities
of interest.

In this work, the quantity we are approximating is the
density matrix, which is invariant with respect to translations
and permutations of like particles. The transformation of the
density matrix with respect to a global rotation of the system
depends on the implementation, as it is possible to consider
either a� xed Cartesian frame or one that moves with respect
to the molecular system. In the former case, there is an

equivariance with respect to rotations of the molecular system,
while in the latter, the density matrix is invariant. We should
therefore in principle use a molecular descriptor satisfying
those properties.

However, the symmetry properties we will rely on are mostly
translation and rotation invariance. Therefore, we will use a
simple descriptor in the form of the Coulomb matrix denoted
by dR, given by

=

=

|| Š ||

d

z i j

z z

t tR R

( )

0.5 if

( ) ( )
otherwiseij

i

i j

i j

R

2.4�O

�P

�R�R�R�R�R�R

�Q

�R�R�R�R�R�R (6)

Note that such a descriptor is not invariant (nor equivariant)
with respect to permutations of identical particles. However,
we have found this descriptor to o� er a good trade-o� between
simplicity and e� ciency. Note that since we aim to extrapolate
the density matrix from previous time steps, permutations of
identical particles never occur from one time step to another
and we do not need to rely on this property. Nevertheless, we
expect that a better description could be achieved using more
� exible descriptors, such as ACE polynomials or the SOAP
descriptors, where the descriptors themselves can be tuned.

2.2. Grassmann Exponential. We only give a brief
overview as the technical details have already been reported
elsewhere,19,32,33 and are recapitulated in theSupporting
Information. The set r N( , )�. �5 is a smooth manifold and thus,
at any point, say �D r N( , )0 � . � 5in our application, there
exists the tangent spaceD0

�; such that one can associate nearby

points �D r N( , )� . � 5to tangent vectors� �D( ) D0
�; . The

mapping � = �D D DLog ( ) ( )
D0

is known as the Grassmann

logarithm and its inverse mapping is known as the Grassmann
e x p o n e n t i a l � � � = DExp ( )D0

. F u r t h e r m o r e ,

=DLog ( ) 0
D 0

0
and = DExp (0)D 0

0
. These mappings are not

only abstract tools from di� erential geometry but can also be
computed by means of performing a singular value
decomposition (SVD).19,32,33 In our application, we use the
same reference pointD0 in all cases which brings some
computational advantages as will be discussed in more detail in
the upcomingSection 2.3.

2.3. Approximation Problem. Since the tangent space
D0

�; is a (linear) vector space, we can now aim to approximate
the mapped density matrix on the tangent spaceD0

�; . To
simplify the presentation, we shift the indices in the following
and describe the extrapolation method for the� rst Nt time
steps. In the general setting, we should consider the positions
R(ti) for i = n � Nt, ...,n � 1, to extrapolate the density matrix
at positionR(tn), wheren is the current time step of the MD.
We look for parameter functionsci such that, given previous
snapshots� i = Log(Di) for i from 1 toNt, corresponding to
someR(ti)’s, the approximation of any density matrix on the
tangent space is written as

�� � = � �
=

cR R( )
i

N

i i DRapp
1

,

t

0
�;

(7)

with � = �i tR( )i
.

The question is then how to� nd these coe� cient functions
c iR, and we propose to� nd those via the resolution of a
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(standard) least-square minimization problem. For a given
positionR, we look for coe� cients that minimize thel2-error
between the descriptordR and a linear combination of the
previous onesdR(ti)

�Š
�

=

d c dmin
c

i

N

i tR R R
1

, ( )

2

Nt

t

i
R �5 (8)

In the matrix form, this simply reads

|| Š ||
�

d P cmin
c

R R
T 2

Nt
R �5 (9)

wherePis the matrix of sizeNt × Nd containing the descriptors
Pi,j � (dR(ti)) j. Note that we only� t on the level of the
descriptor, that is, the mapping from the position vectorR to
the descriptordR and that this method is similar to the ones
used by Alfe�2 and Arias et al.,3 where the descriptors they used
were the positions of the atoms and only considered the
previous three time steps of the MD.

If the system is underdetermined, we select the vectorcR that
has the smallest norm. However, in general, the system is
overdetermined as we have more descriptors than snapshots.
This implies that this formulation veri� es the interpolation
principle: for everyi and j from 1 to Nt, the solution of
problem (8) at the positionsR(tj) satis� escR(tj)i = � ji.

In principle, should we consider a large amount of previous
descriptors, then the system may become undetermined and
violate the interpolation principle. To mitigate this, we can use
a stabilization scheme, as explained in the upcoming
subsection.

Note that once we have computed the coe� cientscR by
solving problem (12), one computes the initial guess for the
density using the same coe� cients in the linear combination
on the tangent space as ineq 7and� nally takes the exponential
(seeeq 5). The rational for this step is that if the second
mapping ineq 5, which we denote here by �: D0

�- � 4 � ;, was
linear, then there would hold

� � �= = �
= = =
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�M�M�M�M�M�M

�\

�^

�]�]�]�]�]�] (10)

In practice, the mapping is, however, not linear and this
approach works well in the test cases we considered. A possible
explanation for this is the unfolding of the nuclear coordinates
into a high-dimensional descriptor-space�4 . Indeed, the high-
dimensionality of�4 seems to allow an accurate approximation
of �- by a linear map. Furthermore, if the system is
overdetermined, the scheme satis� es the interpolation property

� = � tR( ( ))j j , and hence, we recover the expected density

matrix = �D PExp ( )t D jR( )j 0
.

2.3.1. Stabilization.To stabilize the extrapolation by
limiting high oscillations of the coe� cients, we apply a
Tikhonov regularization

� �Š + || ||
�

=

d c d cmin
c

i

N

iR R R R
1

,

2

2
Nt

t

i
R �5

�L
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�M�M�M�M�M�M�M�M
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�]�]�]�]�]�]�]�] (11)

for some choice of� . This problem is always well-posed and
corresponds to solving the following problem

||
	

Š � ||
�

d P cmin
c

R R
T 2

Nt
R �5 (12)

where
	

� +d N N
R

d t�5 is the vectordR padded withNt zeroes and
�� × +P N N Nt d t� 5 � 5is the P matrix padded with the square

diagonal matrix� IdNt
. We observe in practice that using such a

stabilization makes possible to use more previous points
without degradation of the initial guess.

2.4. Final Algorithm. Given previous density matrices
DR(tj) for j = 1, ...,Nt, the initial guess is computed following
Algorithm 1. That is, we start by computing the logarithms of
the density matricesDR(tj), from the coe� cientsCR(tj) that are
� rst orthonormalized by performingC�

R = SR
1/2CR. Here, we

remark that we assume that the density matricesDR(tj) have
been previously Lo�wdin orthonormalized.

We then compute the descriptors needed to build theP�
matrix and solve problem (12). This provides the coe� cients
in the linear combination of the� i’s on the tangent space.
Finally, we compute the exponential of the linear combination
in order to obtain the predicted density matrix.

Note that the reference pointD0 is chosen once and for all,
which makes the computations of these logarithms lighter,
even though there is no theoretical justi� cation for keeping a
single pointD0 as a reference. Indeed, it is known that the
formulae are only correct locally (aroundD0) on the manifold.
However, in practice, we have never observed the need to
change the reference point. This enables us to compute only
one logarithmic map per time step and hence, only two SVDs
in total per time step. To have a robust algorithm that will
work even in this edge case, it will be su� cient to check that
the exponential and logarithmic maps are still inverse of one
another.

Finally, to be on the safe side with respect to the
computations of the exponential, we have added a check on
the orthogonality of the matrix that is obtained: if the residue is
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higher than a certain threshold, we then perform an
orthogonalization of the result.

3. NUMERICAL TESTS
In this section, we present a series of numerical tests of the
newly developed strategy. We test our method on four
di� erent systems. All the systems have been an object of a
previous or current study by some of us and can therefore be
considered representative of real-life applications.

The� rst system is 3-hydroxy� avone (3HF) in acetonitrile.18

Two systems (OCP and APPA) are chromophores embedded
in a biological matrix� namely, a carotenoid in the orange
carotenoid protein (OCP) and avine in acid phosphatase
(APPA), a blue light-using� avine photoreceptor.34� 36 The
fourth system is dimethylaminobenzonitrile (DMABN) in
methanol.14 The main characteristics of the systems used for
testing are recapitulated inTable 1.

The systems used for testing include a quite large QM
chromophore, the OCP, and three medium-sized systems,
embedded in large- (APPA and 3HF) and medium-sized
environments (DMABN), and are representative of di� erent
possible scenarios.

To test the performances of the new G-Ext strategy, we
performed three sets of short (1 ps) multiscale BOMD
simulations on OCP, APPA, 3HF, and DMABN. KS density
functional theory was used to model the QM subsystem, using
the B3LYP37 hybrid functional and Pople’s 6-31G(d) basis
set.38 For the stability and energy conservation of the method,
we did a longer and more realistic simulations of 10 ps on
3HF, where the� avone moiety was described using the� B97X
hybrid functional39 and Pople’s 6-31G(d) basis set. In all cases,
the environment was modeled using the AMOEBA polarizable
force� eld.40

All the simulations have been performed using the
Gaussian� Tinker interface previously developed by some of
us.12,13 In particular, we use a locally modi� ed development

version of Gaussian41 to compute the QM, electrostatic, and
polarization energy and forces and Tinker42 to compute all
other contributions to the QM/MM energy. We implemented
the G-Ext extrapolation scheme in Tinker that acts as the main
driver for the MD simulation, being responsible of summing
together all the various contributions to the forces and
propagating the trajectory. At each MD step, using the
GauOpen interface,43 the density matrix, molecular orbital
(MO) coe� cients, and overlap matrix produced by Gaussian
are retrieved. These are used to compute the extrapolated
density, as described inSection 2. The density is then passed
back to Gaussian to be used for the next MD step. All the
simulations were carried out in the NVE ensemble, using the
velocity Verlet integrator and a 0.5 fs time step. Concerning
stabilization, we found that good overall results were obtained
using a parameter� � 103 × rscf, whererscf is the tolerance of
the SCF algorithm.

3.1. Numerical Results.To assess the performance of the
G-Ext guess, we perform 1 ps MD simulations on the four
systems described inSection 3starting from the same exact
conditions (positions and initial velocities) and using various
strategies to compute the guess density for the SCF solver. We
compare various� avors of the G-Ext method with the XLBO
extrapolation scheme.10 Here, we note that the original XLBO
method performs a propagation of an auxiliary density matrix,
which is then used as a guess. The latter is not idempotent: to
restore such a property, we perform a puri� cation step at the
beginning of the SCF procedure using McWeeny’s algorithm.44

In the following, we therefore compare our method, where we
use 3 to 6 previous points for the� tting and extrapolation, to
both the standard XLBO and to XLBO followed by
puri� cation (XLBO/MW). We use an SCF convergence
threshold of 10� 5 with respect to the RMS variation of the
density.

We report inTable 2, for each method, the average number
of SCF iterations performed along the MD simulation together
with the associated standard deviation. As the XLBO strategy
requires eight previous points, during which a standard SCF is
performed, we discard the� rst points from the evaluation of
the aforementioned quantities to have a fairer comparison.

We do not report the total time required to compute the
guess, as it is in all cases very small (up to 0.1 s wall clock time
for the largest system using the G-Ext(6) guess). This is an
important consideration, as the G-Ext method requires one to
perform various linear-algebra operations (in particular, thin
SVD) that can in principle be expensive. Thanks to the

Table 1. Overview of the System Size in Terms of Number
of QM Atoms (NQM), Number of MM Atoms (NMM), and
the Total Number of QM Basis Functions( )�5

system NQM NMM �5

OCP 129 4915 1038
APPA 31 16,449 309
DMABN 21 6843 185
3HF 28 15,018 290

Table 2. Performances of the G-Ext Method for Di� erent Numbers of Extrapolation Points, Compared with the XLBO
Algorithm with and without McWeeny Puri� cationa

OCP DMABN APPA 3HF

method average � average � average � average �

XLBO 3.82 0.66 3.98 0.16 3.00 0.03 4.00 0.14
XLBO/MW 2.95 0.31 3.76 0.56 3.00 0.34 3.96 0.31
G-Ext(3) 2.57 0.84 3.54 0.78 2.95 0.50 3.09 0.41
G-Ext(4) 2.48 0.88 3.14 0.62 2.51 0.50 3.25 0.68
G-Ext(5) 2.25 0.96 3.23 0.75 2.51 0.50 3.30 0.72
G-Ext(6) 2.20 0.96 2.99 0.02 2.51 0.50 3.14 0.56

aAll the results were obtained using a 10� 5 convergence threshold for the RMS increment of the density matrix and are derived from a 1 ps long
MD simulation, using a 0.5 fs time step. We report the average number of iterations required to converge the SCF, together with the associated
standard deviation. Note that the� rst eight steps were discarded.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.1c00751
J. Chem. Theory Comput.2021, 17, 6965� 6973

6969

�$�I�B�Q�U�F�S �k�^ �%�F�O�T�J�U�Z �N�B�U�S�J�D�F�T �F�Y�U�S�B�Q�P�M�B�U�J�P�O

������



availability of optimized LAPACK libraries, this is in practice
not a problem.

From the results inTable 2, we see that the G-Ext
algorithms systematically outperforms the XLBO method. It is
interesting to note that the McWeeny puri� cation step has a
sizeable e� ect on the performances of the XLBO method only
for the largest system, OCP, where it results in the gain of
almost one SCF iteration on average. On the other systems,
the puri� cation step has a smaller e� ect.

In all the systems we tested, the performances of the G-Ext
method are systematically better than in XLBO, including
McWeeny puri� cation. The e� ectiveness of the G-Ext
extrapolation increases when going from 3 to 6 points but
quickly stagnates. We have performed further tests with more
than 6 (up to 20) extrapolation points but never noted any
further gain.

We observe a reduction in the number of iterations that goes
from 0.5 in DMABN to 0.75 in OCP (1.62 when compared to
XLBO without McWeeny puri� cation). We remark that these
gains, while apparently not so large, are greatly ampli� ed
during the MD simulation, due to the large number of steps
that need to be performed.

The tests performed with a 10� 5 convergence threshold are
representative of a standard, DFT ground-state BOMD
simulation. When performing a more sophisticated quantum
mechanical calculation, such as a BOMD on an excited-state
PES,18 such a convergence threshold may not be su� cient to
guarantee the stability of the simulation, as the SCF solution is
used to set up the linear response equations and the numerical
error can be ampli� ed, resulting in poorly accurate forces.

We tested the G-Ext algorithm in its best-performing
version, the one that uses six extrapolation points, with a
tighter, 10� 7 threshold, again for the RMS variation of the
density. The results are reported inTable 3, where we compare
the G-Ext(6) scheme with the XLBO method with McWeeny
puri� cation.

The XLBO method is based on the propagation of an
auxiliary density, and therefore, the accuracy of the guess it
generates depends little on the accuracy of the previous SCF
densities. As a consequence, its performances are reduced if a
tighter convergence is required. The G-Ext guess, on the other
hand, uses previously computed densities as its building blocks
and one can expect the accuracy of the resulting guess to be
linked to the convergence threshold used during the
simulation.

This is exactly what we observe. Using a threshold of 10� 7,
the G-Ext(6) guess exhibits signi� cantly better performances
than XLBO, gaining, on average, from about 0.7 to about 3
SCF iterations on the tested systems.

3.1.1. Stability.The good performances of the G-Ext guess
come, however, at a price, namely, the lack of time reversibility.
We can thus expect the total energy in an NVE simulation to
exhibit a long-time drift (LTD). Time reversibility and long-
time energy conservation are, on the other hand, one of the
biggest strengths of the XLBO method.

To investigate the stability of BOMD simulations using the
G-Ext guess, we build a challenging case, where we start a
BOMD simulation far from well-equilibrated conditions. We
use the 3HF system as a test case and achieve the noisy starting
conditions by starting from a well-equilibrated structure and
changing the DFT functional from B3LYP to� B97XD. This
way, we have a physically acceptable structure, with no close
atoms or other problematic structural situations, but obtain
starting conditions that are far from equilibrium.

We report inFigure 1the total energy along a 10 ps BOMD
simulation of 3HF in acetonitrile using either a 10� 5 SCF
convergence threshold (left panel) or a 10� 7 one (right panel).
The same results for a 10� 6 threshold are reported in the
Supporting Information. We compare the G-Ext(3) and G-
Ext(6) methods to the XLBO one including McWeeny
puri� cation. As already noted, while in principle the

Table 3. Performances of the G-Ext(6) Method Compared with the XLBO Algorithm with McWeeny Puri� cationa

OCP DMABN APPA 3HF

method average � average � average � average �

XLBO/MW 5.02 0.17 7.30 0.64 7.49 0.84 7.47 0.63
G-Ext(6) 3.58 0.79 4.23 0.50 4.39 0.57 6.81 0.78

aAll the results were obtained using a 10� 7 convergence threshold for the RMS increment of the density matrix and are derived from a 1 ps long
MD simulation, using a 0.5 fs time step. We report the average number of iterations required to converge the SCF, together with the associated
standard deviation. Note that the� rst eight steps were discarded.

Figure 1.Total energy (kcal/mol) as a function of simulation time (fs) for 3HF comparing G-Ext(3), G-Ext(6), and XLBO with McWeeny
puri� cation, using a convergence threshold for the SCF algorithm of 10� 5 (left panel) and 10� 7 (right panel). The total energy was shifted to
+505,000 kcal/mol for readability.
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puri� cation may spoil the time reversibility, this has no
noticeable e� ect in practice.

The very noisy starting conditions are apparent from the
energy pro� les that exhibit large oscillations in the� rst couple
of hundreds of femtoseconds.

To better estimate the short- and long-time energy stability,
we report inTable 4the average short-time� uctuation (STF)

and LTD of the energy. The former is computed by taking the
RMS of the energy� uctuation every 50 fs and averaging the
results over the trajectory, discarding the� rst 500 fs, the latter
by� tting the energy with a linear function and taking the slope.

All methods show comparable short-term stability, which is
to be mainly ascribed to the chosen integration time step. On
the other hand, from both the results inTable 4andFigure 1,
we observe a clear drift of the energy when the G-Ext method
is used. In particular, the system cools of about 10 kcal/mol
with either G-Ext(3) or G-Ext(6). The XLBO trajectory,
despite the McWeeny puri� cation, exhibits an almost perfect
energy conservation.

These results are not surprising but should be taken into
account when choosing to use the G-Ext guess, which, if
coupled to a 10� 5 SCF convergence threshold, cannot
guarantee long-term energy conservation. The drift is overall
not too large and can be handled using a thermostat. Whether
or not the trade between performances and energy
conservation is acceptable for a production simulation is a
decision that ultimately lies with the user.

Increasing the accuracy of the SCF computation improves
the overall stability for G-Ext, which is already good at 10� 6

and becomes virtually identical to the one o� ered by the
XLBO method at 10� 7.

4. CONCLUSIONS
In this contribution, we presented an extrapolation scheme to
predict initial guesses of the density matrix for the SCF
iterations within BOMD. What makes our approach new is
that we enforce the idempotency of the density matrix by
extrapolating not the densities themselves but their map onto a
vector space, which is the tangent plane to the manifold of the
physically acceptable densities. Such a map is locally bijective
so that after performing the extrapolation, we can map the new
density back to the original manifold, providing thus an
idempotent density. The main element of novelty of the
algorithm is that by working on a tangent space, it allows one
to use any linear extrapolation technique, while, at the same
time, automatically ensuring the correct geometrical structure
of the density matrix. As such, the technique presented in this
paper can be seen as a simple case of a more general
framework. Such a framework allows one to recast the problem

of predicting a guess density by extrapolating information
available from previous MD steps as a mapping between two
vector spaces, that is, the space of molecular descriptors and
the tangent plane. This geometric approach can be seen as an
alternative to extrapolating quantities derived from the density,
such as the Fock or Kohn� Sham matrix, as proposed by Pulay
and Fogarasi4 and by Herbert and Head-Gordon.5 However,
the framework we developed, using molecular descriptors and
a general linear extrapolation technique, can in principle be
easily extended to such approaches.

That being said, our choices of both the molecular
descriptor and of the extrapolation strategies are far from
being unique. In recent years, molecular descriptors gained
attraction within the rise of machine-learning (ML)
techniques. Our choice, namely, using the Coulomb matrix,
is only one of the many possibilities, and while being simple
and e� ective, more advanced descriptors may be used and
possibly improve the overall performances of the method. We
also used a straightforward (stabilized) least-square interpola-
tion of the descriptors at the previous point to compute the
extrapolation coe� cients for the densities. This strategy is,
again, simple yet e� ective. However, many other approaches
can be used. In particular, ML techniques may not only
provide a very accurate approximated map but also bene� t of a
larger amount of information (i.e., use the densities computed
at a large number of previous steps), further improving the
accuracy of the guess. Improvements on the descriptors and
extrapolation strategies are not the only possible extensions of
the proposed method. A natural extension that is under active
investigation is the application to the G-Ext guess to geometry
optimization, for which the XLBO scheme cannot be used.

Overall, even the simple choices made in this contribution
produced an algorithm that exhibits promising performances.
In all our tests, the G-Ext method outperformed the well-
established XLBO technique, especially for tighter SCF
accuracies which may be relevant for post-SCF BOMD
computations, including computations on excited-state PES.
While we tested the method only for KS DFT, it can also be
used for HF or semiempirical calculations. The main
disadvantage of the proposed strategy with respect to the
XLBO method is, however, the lack of time reversibility, which
manifests itself as a lack of long-term energy conservation. In
particular, for longer MD simulations, the total energy may
exhibit a visible drift, which is something that the user must be
aware of. In our test, the observed drift was relatively small and
the use of a thermostat should be enough to avoid problems in
practical cases; however, this is a clear, and expected, limitation
of the proposed approach. We note that using a tighter SCF
convergence, which is also the case where the proposed
method shows its best performances and produces an energy
conserving trajectory, even starting from very noisy conditions.
A time-reversible generalization of the G-Ext method is
anyways particularly attractive and is at the moment under
active investigation.
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*sõ Supporting Information
The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acs.jctc.1c00751.

Julia template of the G-Ext algorithm is available at
https://github.com/epolack/GExt.jl, � gure representing
the total energy computation with an SCF convergence

Table 4. Short- and Long-Term Stability Analysis of the G-
Ext(3) and G-Ext(6) Methods, Compared to the XLBO
Algorithm with McWeeny Puri� cation, for the 3HF Systema

conv. 10� 5 conv. 10� 6 conv. 10� 7

method STF LTD STF LTD STF LTD

XLBO/MW 0.55 � 0.04 0.55 � 0.03 0.57 � 0.03
G-Ext(3) 0.55 � 0.42 0.57 � 0.15 0.53 � 0.04
G-Ext(6) 0.56 � 0.53 0.52 � 0.13 0.57 � 0.04

aFor each method, we report the STF and the LTD and the average
number of SCF iterations, for three convergence thresholds of the
SCF algorithm.
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threshold of 10� 6 for the molecule 3HF, and formulae
for the exponential and logarithm functions (PDF)
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�l�;�|�_�o�7 �v�_�o�†�t�7 �m�o�| �0�; �-�@�;�1�|�;�7 �0�‹ �|�_�; �1�_�o�b�1�; �o�= �0�-�v�b�v �v�;�| �-�m�7 �v�_�o�†�t�7 �‰�o�u�h �=�o�u �- �t�-�u�]�; �u�-�m�]�; �o�=
�7�b�v�r�t�-�1�;�l�;�m�|�v �b�m �|�_�; �v�;�t�=�J�1�o�m�v�b�v�|�;�m�| �C�;�t�7 �;�m�;�u�]�‹�:

�$�o �ˆ�-�t�b�7�-�|�; �0�o�|�_ �|�_�; �-�1�1�†�u�-�1�‹ �-�m�7 �u�o�0�†�v�|�m�;�v�v �o�= �o�†�u �l�;�|�_�o�7�7 �‰�; �‰�b�t�t �|�u�‹ �|�o �b�l�r�u�o�ˆ�; �o�m �|�_�; �m�†�l�0�;�u
�o�= �v�;�t�=�J�1�o�m�v�b�v�|�;�m�| �C�;�t�7 �1�o�m�ˆ�;�u�]�;�m�1�; �b�|�;�u�-	ž�o�m�v �‰�b�|�_ ���-�u�|�u�;�;�K�
�o�1�h �o�= �|�_�; �=�o�t�t�o�‰�b�m�] �=�o�†�u �-�l�b�m�o�J
�-�1�b�7�v�9 �-�t�-�m�b�m�;�7 �-�v�r�-�u�-�]�b�m�;�7 �r�_�;�m�‹�t�-�t�-�m�b�m�; �-�m�7 �|�u�‹�r�|�o�r�_�-�m �P�•�’�7 �•�•�7 �‘�’ �-�m�7 �‘�• �-�|�o�l�v�7 �u�;�v�r�;�1	ž�ˆ�;�t�‹�Q�:

�� �t�†�-�t�b�|�-	ž�ˆ�; �;�v	ž�l�-�|�; �o�= �- �u�;�=�;�u�;�m�1�; �=�o�u �|�_�; �m�†�l�0�;�u �o�= �b�|�;�u�-	ž�o�m�v �|�o �b�l�r�u�o�ˆ�; �†�r�o�m �b�v �r�u�;�v�;�m�|�;�7
�b�m �$�-�0�t�; �•�: �$�_�; �1�o�l�r�†�|�-	ž�o�m�v �‰�_�;�u�; �7�o�m�; �†�v�b�m�] �	�†�m�m�b�m�]�=�v �1�1�J�r�(�	�, �0�-�v�b�v �v�;�|�:

���t�-�m�b�m�; ���v�r�-�u�-�]�b�m�; ���_�;�m�‹�t�-�t�-�m�b�m�; �$�u�‹�r�|�o�r�_�-�m

���o�u�; �‘�• �‘�• �‘�’ �‘�u
���-�u�u�b�v �•�’ �•�“ �•�“ �•�”
��	Á�1�h�;�t �•�u �•�• �•�• �•�v
���b�m���� �•�” �•�• �•�• �•�•
�"���	 �•�u �•�• �•�• �•�•

�$�-�0�t�; �•�:���†�l�0�;�u �o�= �"���
 �b�|�;�u�-	ž�o�m�v �u�;�t�†�b�u�;�7 �|�o �-�1�_�b�;�ˆ�; �1�o�m�ˆ�;�u�]�;�m�1�; �P�l�-�Š �1�_�-�m�]�; �b�m �|�_�; �7�;�m�v�b�|�‹ �v�l�-�t�t�;�u �|�_�-�m10� 6�Q
�†�v�b�m�] �7�b�@�;�u�;�m�| �b�m�b	ž�-�t �]�†�;�v�v�;�v�: ���v �|�_�; �1�o�l�r�†�|�-	ž�o�m�v �‰�;�u�; �1�-�u�u�b�;�7 �o�†�| �†�v�b�m�] �7�b�@�;�u�;�m�| �r�-�1�h�-�]�;�v�7 �|�_�-�|�o�@�;�u �7�b�@�;�u�;�m�|
�"���
 �b�l�r�t�;�l�;�m�|�-	ž�o�m�v�7 �|�_�b�v �1�-�m�m�o�| �0�; �1�o�m�v�b�7�;�u�;�7 �-�m �-�1�1�†�u�-�|�; �1�o�l�r�-�u�b�v�o�m �0�;�|�‰�;�;�m �|�_�; �ˆ�-�u�b�o�†�v �]�†�;�v�v�;�v�7 �0�†�| �o�m�t�‹ �-
�t�†�-�t�b�|�-	ž�ˆ�; �;�v	ž�l�-�|�; �o�= �|�_�; �m�†�l�0�;�u �o�= �u�;�t�†�b�u�;�7 �b�|�;�u�-	ž�o�m�v�: ���o�|�; �|�_�-�| �-�t�t �|�_�; �1�-�t�1�†�t�-	ž�o�m�v �_�-�ˆ�; �0�;�;�m �r�;�u�=�o�u�l�;�7 �†�v�b�m�]
�v�|�-�m�7�-�u�7 �	�����" �;�Š�|�u�-�r�o�t�-	ž�o�m�:

�)�; �‰�o�†�r�7 �r�b�h�; �- �l�;�|�_�o�7 �|�_�-�| �1�o�l�r�†�|�;�v �-�m �b�m�;�Š�r�;�m�v�b�ˆ�; �-�m�7 �-�1�1�†�u�-�|�; �]�†�;�v�v �|�o �|�_�; �v�;�r�=�H�1�o�m�v�b�v�|�;�m�|
�C�;�r�7 �-�r�]�o�u�b�|�_�l�8

�7�I�W�Y�P�X�W

�)�b�|�_ �|�_�; �1�1�J�r�(�	�, �0�-�v�b�v �v�;�|�7 �|�_�; �;�m�;�u�]�‹ �Y�†�1�|�†�-�|�;�v �o�= �–:�•�7 �v:�–�7 �v:�” �-�m�7 �•:�u �h�1�-�t/ �l�o�t �=�o�u �-�t�-�m�b�m�;�7
�-�v�r�-�u�-�]�b�m�;�7 �r�_�;�m�‹�t�-�t�-�m�b�m�;�7 �-�m�7 �|�u�‹�r�|�o�r�_�-�m�7 �u�;�v�r�;�1	ž�ˆ�;�t�‹�: �
�o�u �-�t�-�m�b�m�;�V�7 �|�_�-�| �_�-�v �l�†�1�_ �t�-�u�]�;�u �7�b�v�J
�r�t�-�1�;�l�;�m�|�v�7 �b�| �b�v �o�= �‰�;�t�t �o�ˆ�;�u �•�•�•�• �h�1�-�t/ �l�o�t�: �$�_�; �-�†�]�J�1�1�J�r�(�$�, �0�-�v�b�v �v�;�| �‰�-�v �†�v�;�7 �=�o�u �-�t�-�m�b�m�;�³�:

�!�;�7�†�1�;�7 �0�-�v�b�v �v�b�Œ�;
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�
�b�]�†�u�; �‘�:�!�;�v�†�t�|�v �=�o�u �|�_�; �‘�	 �r�-�u�-�l�;�|�;�u �v�r�-�1�;�: ���†�l�0�;�u �o�= �"���
 �b�|�;�u�-	ž�o�m�v �u�;�t�†�b�u�;�7 �|�o �-�1�_�b�;�ˆ�; �1�o�m�ˆ�;�u�]�;�m�1�; �P�t�;�[
�r�-�m�;�t�Q �-�m�7 �
�u�o�0�;�m�b�†�v �m�o�u�l �;�u�u�o�u �o�m �|�_�; �7�;�m�v�b�|�‹ �]�†�;�v�v �P�u�b�]�_�| �r�-�m�;�t�Q �-�v �- �=�†�m�1	ž�o�m �o�= �|�_�; �b�m�|�;�u�r�o�t�-	ž�o�m �o�u�7�;�u �=�o�u �|�_�;
�ˆ�-�u�b�o�†�v �|�;�v�| �v�‹�v�|�;�l�v�: ���t�t �|�_�; �1�-�t�1�†�t�-	ž�o�m�v �‰�;�u�; �r�;�u�=�o�u�l�;�7 �‰�b�|�_ ���
���&�! �†�v�b�m�] �|�_�; �=�o�t�t�o�‰�b�m�] �1�o�m�ˆ�;�u�]�;�m�1�; �1�u�b�|�;�u�b�-
�=�o�u �|�_�; �b�m�1�u�;�l�;�m�| �o�= �|�_�; �7�;�m�v�b�|�‹� P�9 �!���" � P < 10� 7 �-�m�7 �l�-�Šj� Pj < 10� 6�:
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�
�b�]�†�u�; �’�:���o�l�r�-�u�b�v�o�m �o�= �-�t�-�m�b�m�; �-�m�7 �-�t�-�m�b�m�;�V �b�m �|�_�; �‘�	 �r�-�u�-�l�;�|�;�u �v�r�-�1�;�: ���†�l�0�;�u �o�= �"���
 �b�|�;�u�-	ž�o�m�v �u�;�t�†�b�u�;�7 �|�o
�-�1�_�b�;�ˆ�; �1�o�m�ˆ�;�u�]�;�m�1�; �-�m�7 �
�u�o�0�;�m�b�†�v �m�o�u�l �;�u�u�o�u �o�m �|�_�; �7�;�m�v�b�|�‹ �]�†�;�v�v �-�v �- �=�†�m�1	ž�o�m �o�= �|�_�; �b�m�|�;�u�r�o�t�-	ž�o�m �o�u�7�;�u �=�o�u
M = 8 �=�o�u �0�o�|�_ �v�‹�v�|�;�l�v �P�t�;�[ �r�-�m�;�t�Q �-�m�7M = 8 �=�o�u �-�t�-�m�b�m�; �-�m�7M = 14 �=�o�u �-�t�-�m�b�m�;�V �P�u�b�]�_�| �r�-�m�;�t�Q�: ���t�t �|�_�;
�1�-�t�1�†�t�-	ž�o�m�v �‰�;�u�; �r�;�u�=�o�u�l�;�7 �‰�b�|�_ ���
���&�! �†�v�b�m�] �|�_�; �=�o�t�t�o�‰�b�m�] �1�o�m�ˆ�;�u�]�;�m�1�; �1�u�b�|�;�u�b�- �=�o�u �|�_�; �b�m�1�u�;�l�;�m�| �o�= �|�_�;
�7�;�m�v�b�|�‹� P�9 �!���" � P < 10� 7 �-�m�7 �l�-�Šj� Pj < 10� 6�:
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�
�b�]�†�u�; �“�:���o�l�r�-�u�b�v�o�m �o�= �-�t�-�m�b�m�; �-�m�7 �-�t�-�m�b�m�;�³�: ���†�l�0�;�u �o�= �"���
 �b�|�;�u�-	ž�o�m�v �u�;�t�†�b�u�;�7 �|�o �-�1�_�b�;�ˆ�; �1�o�m�ˆ�;�u�]�;�m�1�; �-�m�7
�
�u�o�0�;�m�b�†�v �m�o�u�l �;�u�u�o�u �o�m �|�_�; �7�;�m�v�b�|�‹ �]�†�;�v�v �-�v �- �=�†�m�1	ž�o�m �o�= �|�_�; �b�m�|�;�u�r�o�t�-	ž�o�m �o�u�7�;�u �=�o�u �|�_�; �•�	 �r�-�u�-�l�;�|�;�u �v�r�-�1�;
�P�t�;�[ �r�-�m�;�t�Q �-�m�7 �|�_�; �‘�	 �r�-�u�-�l�;�|�;�u �v�r�-�1�; �P�u�b�]�_�| �r�-�m�;�t�Q�: ���t�t �|�_�; �1�-�t�1�†�t�-	ž�o�m�v �‰�;�u�; �r�;�u�=�o�u�l�;�7 �‰�b�|�_ ���
���&�! �†�v�b�m�] �|�_�;
�=�o�t�t�o�‰�b�m�] �1�o�m�ˆ�;�u�]�;�m�1�; �1�u�b�|�;�u�b�- �=�o�u �|�_�; �b�m�1�u�;�l�;�m�| �o�= �|�_�; �7�;�m�v�b�|�‹� P�9 �!���" � P < 10� 7 �-�m�7 �l�-�Šj� Pj < 10� 6�:

�)�; �1�-�m �-�t�l�o�v�| �b�m�v�|�-�m�|�t�‹ �r�u�;�7�b�1�| �|�_�; �7�;�m�v�b�|�‹ �l�-�|�u�b�1�;�v �o�= �-�t�t �o�|�_�;�u �1�o�m�C�]�†�u�-	ž�o�m�v �†�v�b�m�] �o�m�t�‹
�- �v�l�-�t�t �m�†�l�0�;�u �o�= �7�-�|�-�:

�2�I�X�L�S�H�S�P�S�K�]

�
�u�o�l �- �l�-�|�_�;�l�-	ž�1�-�t �r�o�b�m�| �o�= �ˆ�b�;�‰�7 �|�_�; �7�;�m�v�b�|�‹ �l�-�|�u�b�1�;�v �-�u�; �o�m �- ���u�-�v�v�l�-�m�m�b�-�m �v�l�o�o�|�_ �l�-�m�b�=�o�t�7�:
�$�_�b�v �b�l�r�t�‹ �|�_�; �;�Š�b�v�|�;�m�1�; �- �7�b�@�;�o�l�o�u�r�_�b�v�l �|�_�-�| �|�u�-�m�v�=�o�u�l�v �|�_�; �l�-�m�b�=�o�t�7 �b�m�|�o �-�m �-�L�m�; �v�r�-�1�;�7 �|�_�;
�|�-�m�]�;�m�| �v�r�-�1�;�7 �-�m�7 �0�-�1�h�: �$�_�; �l�-�r�v �-�u�; �|�_�; ���u�-�v�v�l�-�m�m�b�-�m �;�Š�r�o�m�;�m	ž�-�t �-�m�7 �t�o�]�-�u�b�|�_�l�: �$�_�b�v �-�t�t�o�‰�v
�†�v �|�o �-�r�r�t�‹ �‰�;�t�t�J�h�m�o�‰�m �l�;�|�_�o�7�v �|�o �-�r�r�u�o�Š�b�l�-�|�; �|�_�; �;�t�;�l�;�m�|�v �b�m �|�_�; �|�-�m�]�;�m�| �v�r�-�1�;�7 �-�m�7 �|�_�;�m
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�)�; �_�-�ˆ�; �†�v�;�7 �-�m �o�Z�b�m�;�F�o�m�t�b�m�; �r�-�u�-�7�b�]�l�: �)�; �v�|�o�u�; �|�_�; �7�;�m�v�b�|�‹ �l�-�|�u�b�1�;�v �o�= �- �=�;�‰ �r�-�u�-�l�;�|�;�u
�ˆ�-�t�†�;�v�: �$�_�;�m �|�_�; �h�m�o�‰�t�;�7�]�; �o�= �_�o�‰ �|�_�; �r�-�u�-�l�;�|�;�u�v �ˆ�-�u�‹ �l�-�h�;�v �|�_�; �1�o�l�r�†�|�-	ž�o�m �o�= �|�_�; �7�;�m�v�b�|�‹
�l�-�|�u�b�Š �=�o�u �- �m�;�‰ �r�-�u�-�l�;�|�;�u �-�t�l�o�v�| �b�l�l�;�7�b�-�|�;�t�‹ �-�ˆ�-�b�t�-�0�t�;�:

�$�_�; �7�;�m�v�b�|�‹ �l�-�|�u�b�Š �|�_�-�| �b�v �o�0�|�-�b�m�;�7 �1�-�m �|�_�;�m �0�; �†�v�;�7 �-�v �-�m �b�m�b	ž�-�t �]�†�;�v�v �|�o �|�_�; �v�;�t�=�J�1�o�m�v�b�v�|�;�m�| �C�;�t�7
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�)�; �†�v�; �0�-�v�b�1 �r�u�o�r�;�u�¼�;�v �=�u�o�l �7�b�@�;�u�;�m�¼�-�r �]�;�o�l�;�|�u�‹ �|�o �-�r�r�u�o�Š�b�l�-�|�; �7�;�m�v�b�|�‹ �l�-�|�u�b�1�;�v �‰�b�|�_ �r�b�m�;�-�u
�1�o�l�0�b�m�-�¼�o�m�v�8
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���u�o�l�b�v�b�m�] �u�;�v�†�t�|�v �_�-�ˆ�; �0�;�;�m �o�0�|�-�b�m�;�7 �‰�_�;�m �‰�; �|�;�v�|�;�7 �-�l�b�m�o�J�-�1�b�7�v �-�m�7 �|�_�; �l�;�|�_�o�7 �v�;�;�l�v �0�o�|�_
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�‰�_�;�m �|�_�; �ˆ�-�u�b�-	ž�o�m�v �o�= �|�_�; �r�-�u�-�l�;�|�;�u�v �b�v �m�o�| �h�m�o�‰�m�: �$�_�; �l�;�|�_�o�7 �1�o�†�t�7 �|�_�;�m �0�; �†�v�;�7 �=�o�u �-�0�J�b�m�b	ž�o
�l�o�t�;�1�†�t�-�u �7�‹�m�-�l�b�1�v �v�b�l�†�t�-	ž�o�m�v �-�m�7 �]�;�o�l�;�|�u�‹ �o�r	ž�l�b�v�-	ž�o�m�v�:
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�l�;�|�_�o�7 �|�o �- �r�-�u�]�;�u �1�r�-�v�v �o�= �1�_�;�l�b�v�|�u�‹ �r�u�o�0�r�;�l�v�8
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�$�_�b�v �‰�o�u�h �‰�-�v �v�†�r�r�o�u�|�;�7 �0�‹ �|�_�; �
�u�;�m�1�_ �>���m�ˆ�;�v	ž�v�v�;�l�;�m�|�v �7�=���ˆ�;�m�b�u�? �r�u�o�]�u�-�l�7 �r�u�o�f�;�1�| ���]�;�m�1�; ���-�J
	ž�o�m�-�t�; �7�; �t�- �!�;�1�_�;�u�1�_�; �P���"���$���J���
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���0�v�b�t�7 ���:�J���:�7 ���-�_�o�m�‹�7 �!�:�7 �-�m�7 �"�;�r�†�t�1�_�u�;�7 �!�: �P�‘�•�•�v�Q�:���r�¼�l�b�Œ�-�¼�o�m ���r�]�o�H
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�-�u�_�-�|�7 ���: �P�‘�•�•�v�Q�: ���m�|�;�u�r�o�t�-	ž�o�m �l�;�|�_�o�7 �=�o�u �-�7�-�r�|�J
�b�m�] �u�;�7�†�1�;�7�J�o�u�7�;�u �l�o�7�;�t�v �-�m�7 �-�r�r�t�b�1�-	ž�o�m �|�o �-�;�u�o�;�t�-�v	ž�1�b�|�‹�:��������
���o�†�u�m�-�r�7 �“�u�P�•�Q�9�•�v�•�’�K�•�v�•�’�:

���-�m�1�Ï�v�7 �}�:�7 ���u�b�v�7 ���: ���:�7 ���-�7�-�‹�7 �+�:�7 ���]�†�‹�;�m�7 ���:�7 ���-�|�;�u�-�7 ���:�7 �-�m�7 ���-�†�7
���: �P�‘�•�•�•�Q�: �
�;�-�v�b�0�b�t�b�|�‹ �-�m�7 �1�o�l�r�;	ž	ž�ˆ�;�m�;�v�v �o�= �- �u�;�7�†�1�;�7 �0�-�v�b�v
�-�r�r�u�o�-�1�_ �=�o�u �u�-�r�b�7 �;�t�;�1�|�u�o�m�b�1 �v�|�u�†�1�|�†�u�; �1�-�t�1�†�t�-	ž�o�m�v �b�m �t�†�-�m�|�†�l
�1�_�;�l�b�v�|�u�‹�: ���m���!�� ���u�o�1�;�;�7�b�m�]�v �-�m�7 ���;�1�|�†�u�; ���o�|�;�v�7 �ˆ�o�t�†�l�; �“�•�7 �r�-�]�;�v
�•�”�K�“�•�: ���l�;�u�b�1�-�m ���-�|�_�;�l�-	ž�1�-�t �"�o�1�b�;�|�‹�:

���-�7�-�‹�7 �+�: �-�m�7 �!�-�Œ�-�C�v�o�m�7 �&�: �P�‘�•�•�v�Q�: �� �u�;�7�†�1�;�7 �0�-�v�b�v �l�;�|�_�o�7 �-�r�r�t�b�;�7
�|�o �|�_�; �u�;�v�|�u�b�1�|�;�7 �_�-�u�|�u�;�;�K�=�o�1�h �;�t�†�-	ž�o�m�v�:���o�l�r�|�;�v �!�;�m�7�†�v ���-�|�_�;�H
�l�-�¼�t�†�;�7 �’�“�u�P�’�J�“�Q�9�‘�“�’�K�‘�“�v�:

���o�t�-�1�h�7 �}�:�7 ���b�h�_�-�t�;� �̂7 ���:�7 �	�†�v�v�o�m�7 ���:�7 �"�|�-�l�l�7 ���:�7 �-�m�7 ���b�r�r�-�u�b�m�b�7 �
�:
�P�‘�•�‘�•�Q�: ���m �-�r�r�u�o�Š�b�l�-	ž�o�m �v�|�u�-�|�;�]�‹ �|�o �1�o�l�r�†�|�; �-�1�1�†�u�-�|�; �b�m�b	ž�-�t
�7�;�m�v�b�|�‹ �l�-�|�u�b�1�;�v �=�o�u �u�;�r�;�-�|�;�7 �v�;�t�=�J�1�o�m�v�b�v�|�;�m�| �C�;�t�7 �1�-�t�1�†�t�-	ž�o�m�v �-�|
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�`���^ �4�B�J�M�J�O�H �J�O�T�U�S�V�D�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�`���_ �3�F�G�F�S�F�O�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� ���0�'�/�$�.�����'� �+�-�*���'� �(�. ���)�� ���+�+�'�$�����/�$�*�)�. �µ�º

�M�M ���*�'���-�$�.�����'� ���'���.�.�$�����' �(�*�'� ���0�'���- ���4�)���(�$���. �µ�¼
�`�`���X �1�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�M�Z �
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